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Abstract

Numerical discretizations of the 1D steady diffusion equation div k grad d = g, where

“g” is the source term, “d” is the temperature, “grad” is the gradient operator, “k”

is the diffusion coefficient, “k grad d” is the (heat) flux, and “div” is the divergence

operator, with arbitrary combinations of Dirichlet, Neumann and Robin boundary

conditions, are derived and analyzed, and 3D versions are introduced.

Necessary and sufficient conditions are given for the existence and uniqueness of

solutions of discrete analogs of the 1D steady diffusion equation with “div k grad”

terms equal to products of two full rank matrices with one dimensional nullspaces.

Discretizing both div and grad using the (generalized) Stokes Theorem (in 1D, the

Fundamental Theorem of Calculus), and the inverse of the diffusion coefficient as an

operator mapping fluxes to tangential integrals (a “discrete Hodge star operator”),

yields such terms.
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Provided k is non-negative, and g and 1/k are integrable, the corresponding

“discrete steady diffusion equation” is solvable if Neumann and Robin solvability

conditions hold for the continuum problem. The computed point values of the tem-

perature and flux then converge in max norm to the point values of the (exact)

solution as the grid spacing goes to zero, converge at least at first order if g and

1/k are square integrable, and converge at least at second order if the primal grid is

aligned with the discontinuities of the source term so that the restriction of g to every

grid cell has a square integrable derivative. This applies to standard weak solutions

and to degenerate problems with absolutely continuous temperature and flux.

Numerical tests suggest that the method is superior to existing alternatives when

the diffusion coefficient, source term and grid are rough, or the diffusion coefficient

is degenerate. Computer code, in which the discrete equations are solved at a cost

of 15 flops per cell, is given. It is shown that the dual nodes can be placed so that

the “discrete Hodge star” matrix is symmetric positive definite. General formulas

for normal flux and tangential integral interpolants for hexahedral cells, and the

corresponding 3D discrete Hodge star operators, are given.
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Glossary

absolutely continuous d is absolutely continuous on [0, 1] if for every ε > 0 there

exists a δ > 0 such that
∑

i |d(zi)− d(yi)| < ε whenever

the sum of the lengths of the disjoint intervals (yi, zi)

is less than δ. Absolutely continuous functions have

integrable derivatives, and the Fundamental Theorem

of Calculus applies.

a.e. Abbreviation for “almost everywhere,” that is, every-

where except possibly at points belonging to a set of

Lebesgue measure zero.

AC Abbreviation for “absolutely continuous.”

AC The space of absolutely continuous functions.

boundary edge The first and last edges, (x−1/2, x1/2) and

(xN−1/2, xN+1/2), which “touch” the boundary. (§2.2.)

bounded variation A function d has bounded variation on the interval [a, b]

if the supremum of
∑

i

∣∣∣d|xi+1
− d|xi

∣∣∣, over all possible

finite sequences a = x0 < x1 < · · · < xN−1 < xN = b, is

finite.

break For a function on the interval which is defined in a piece-

wise manner, the breaks are the points which mark the
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transition from one piece to another (e.g., for a spline

function, the breaks are the interior knots).

cell The open interval (xi, xi+1) between two consecutive

faces (points of the primal grid). (§2.2.)

d Usually, a solution of the Poisson equation. (§2.1.)

d̃ The solution of the modified Poisson equation. (§12.)

d Usually, a solution of the “discrete Poisson equation.”

(§3.1.)

D An N×(N+1) matrix, usually the matrix representation

of the natural discretization of the divergence operator

∂x. (§3.2.)

D̆ An N × (N +1) matrix with one dimensional nullspace,

like D. (§8.)

DD boundaries Dirichlet boundary conditions at the left and right

boundaries. (§2.1.)

DN boundaries Dirichlet boundary condition at the left boundary, Neu-

mann at the right. (§2.1.)

DR boundaries Dirichlet boundary condition at the left boundary,

Robin at the right. (§2.1.)

edge The open interval (xj, xj+1) between two consecutive

nodes (points of the dual grid). (§2.2.)

f Usually, the flux of d, a solution of the Poisson equation.

(§2.1.)

f̃ Usually, the flux of the solution of the modified Poisson

equation. (§12.)



Glossary xix

f Usually, M−1Gd.

face A point xi of the primal grid. (§2.2.)

F The (N+1)×(N+2) matrix M−1G, which approximates

µ−1∂x = κ∂x. (§3.3.)

flux The flux of d equals κ∂xd. (§2.1.)

g The source term, in the Poisson equation. g is assumed

in L1 throughout (although some of the results apply to

g ∈ H
−1 as well). (§1.)

g̃ The piecewise constant function having the same cell

averages as g. (§9.2.)

G An (N + 1) × (N + 2) matrix, usually the matrix rep-

resentation of the natural discretization of the gradient

operator ∂x. (§3.2.)

Ğ An (N + 1) × (N + 2) matrix with one dimensional

nullspace, like G. (§8.)

h The length of the largest grid cell. (§2.2.)

hj hj = xj+1/2 − xj−1/2 is the length of the jth cell. (§2.2.)

h−
j h−

j = x∗
j − xj−1/2 is the length of a “left” half-edge.

(§2.2.)

h+
j h+

j = xj+1/2 − x∗
j is the length of a “right” half-edge.

(§2.2.)

half-edge An half-edge is the intersection of an edge with a cell.

(§2.2.)

H−1 The dual of H1.



Glossary xx

H1 The completion of the space of continuously differen-

tiable functions on the open interval with respect to the

Sobolev norm ||| |||. Equivalently, the Sobolev space of

functions in L2 with (distribution) derivatives in L2.

H2 The Sobolev space of functions in H1 with derivatives

in H1.

interior face A face located in the interior of the domain (all faces

but the first and last). (§2.2.)

interior node A node located in the interior of the domain (all nodes

but the first and last). (§2.2.)

l A generator of the nullspace of Ğ. (§8.)

L The N × (N + 2) matrix −N−1DM−1G, which approx-

imates −∂xκ∂x. (§3.3.)

L1 The space of Lebesgue integrable functions (usually over

the interval [0, 1]).

L2 The space of square (Lebesgue) integrable functions

(usually over the interval [0, 1]).

“L2” norm A discrete norm approximating the L2 norm of a “con-

tinuum” function which the discrete function approxi-

mates, usually equal to the L2 norm of a piecewise con-

stant or piecewise linear interpolant of the discrete data.

L∞ The space of Lebesgue measurable functions (usually

over the interval [0, 1]) which are bounded outside of a

set of measure zero.
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m(C) The Lebesgue measure of the set C (equal to the length

for an interval).

modified Poisson equation The Poisson equation with the source term g replaced

by g̃, the piecewise constant function with the same cell

averages. (§12.)

M An (N + 1)× (N + 2) matrix, usually the matrix repre-

sentation of the “interpolation” operator which converts

face fluxes to edge integrals. (§3.2.)

M̆ A nonsingular (N + 1) × (N + 1) matrix, like M. (§8.)

n A generator of the nullspace of D̆. (§8.)

node A point x∗
j of the dual grid. (§2.2.)

N The number of grid cells. N +2 is the number of nodes.

N + 1 is the number of faces, and the number of edges.

(§2.2.)

N A nonsingular N × N matrix (sometimes equal to the

diagonal matrix of cell lengths). (§8.2.)

NN boundaries Neumann boundary conditions at the left and right

boundaries. (§2.1.)

Poisson equation The steady diffusion equation −∂x (κ∂xd) = g together

with boundary conditions −α0 (κ∂xd)|0 + β0 d|0 = γ0

and α1 (κ∂xd)|1 + β1 d|1 = γ1. (§2.1.)

RN boundaries Robin boundary condition at the left boundary, Neu-

mann at the right. (§2.1.)

RR boundaries Robin boundary conditions at the left and right bound-

aries. (§2.1.)



Glossary xxii

s̃ The linear spline interpolant of f with (interpolatory)

knots the grid faces, that is, the piecewise linear inter-

polant of f with breaks at the faces. (§9.2.)

source term The “right hand side” g of the the Poisson equation.

(§1.)

steady diffusion equation The equation describing the steady state of the diffusion

equation. The Poisson equation. (§1.)

S The space of functions d in H
1 with flux κ∂xd in H

1.

(§6.)

uniformly integrable A measurable function g is uniformly integrable if, for

every ε > 0, there exists a δ > 0 such that
∣∣∫

S
g dx

∣∣ < ε

whenever m(S) < δ.

xi A face, that is, a point of the primal grid. (§2.2.)

xN The right boundary face (xN = 1). (§2.2.)

x0 The left boundary face (x0 = 0). (§2.2.)

x∗
j A node, that is, a point of the dual grid. (§2.2.)

x∗
N+1/2 The right boundary node (x∗

N+1/2 = 1). (§2.2.)

x∗
−1/2 The left boundary node (x∗

−1/2 = 0). (§2.2.)

α0 The multiplier of the left outward flux in the boundary

conditions. (§2.1.)

α1 The multiplier of the right outward flux in the boundary

conditions. (§2.1.)

β0 The multiplier of the left temperature in the boundary

conditions. (§2.1.)
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β1 The multiplier of the right temperature in the boundary

conditions. (§2.1.)

γ0 The inhomogeneous term in the left boundary condi-

tions. (§2.1.)

γ1 The inhomogeneous term in the right boundary condi-

tions. (§2.1.)

∂xd Derivative of d with respect to x.

κ The diffusion coefficient. κ is always assumed

non-negative, with µ = 1/κ in L1. When discussing

weak solutions, κ is assumed positive and in L∞, with

µ in L∞ as well. (§2.1.)

µ The multiplicative inverse of the diffusion coefficient:

µ := 1/κ. (§2.)

πC “Discretization mapping” (“projection”) which

associates to a “continuum” function the vector of its

cell integrals. (§4.2.)

πE “Discretization mapping” (“projection”) which

associates to a “continuum” function the vector of its

edge integrals. (§4.2.)

πF “Discretization mapping” (“projection”) which

associates to a “continuum” function the vector of its

face values. (§4.2.)

πN “Discretization mapping” (“projection”) which

associates to a “continuum”function the vector of its

nodal values. (§4.2.)
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M† Transpose of M.

d|x Value of d at the point x.

||g||
(∫ 1

0
g2 dx

)1/2

, the L2 norm of g.

||g||1
∫ 1

0
|g| dx, the L1 norm of g.

||g||∞ The L∞ norm of g, that is, the essential supremum of

the absolute value of g.

|||d|||
(
||d||2 + ||∂xd||2

)1/2
, the H1 (Sobolev) norm of d.

|||g|||−1 sup {|( g, c )| /|||c||| : c ∈ H1, c 6= 0}, the H−1 norm of g.

( g, c ) Pairing between g ∈ H−1 and c ∈ H1.
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Chapter 1

Introduction

Combined with suitable boundary conditions, the Poisson equation

−∇· (κ∇d) = g,

where g is the source term, d is the temperature, ∇ is the gradient operator, κ

is the diffusion tensor, κ∇d is the (heat) flux, and ∇· is the divergence operator,

corresponds to the steady state of the diffusion equation. The Poisson equation

is used to price derivatives and to model heat conduction, fluid flow, flow through

porous media, electrostatics, elasticity, plasticity and neutron transport.

A wide variety of numerical methods are used to solve the Poisson equation.

With rough—minimally smooth, discontinuous even—coefficients, source terms, so-

lutions, and grids, best results are usually obtained with Finite Volume Element and

Finite Volume Difference methods which incorporate the Divergence Theorem in

their formulation, and with the Support Operator Method, which relies on a Green’s

Formula-like generalization of the Divergence Theorem.

In this thesis, we analyze the 1D version of a new Finite Volume Difference

method, the Exact Finite Volume Difference (XFVD) method [Rob96, Rob97b], as

it applies to the steady state diffusion equation. The XFVD method uses the (gen-
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eralized) Stokes’ Theorem, in the guise of the Divergence Theorem, to discretize the

divergence operator. What distinguishes the XFVD method from most Finite Vol-

ume Methods is that Stokes’ Theorem, in the guise of the Potential Theorem, is also

used to discretize the gradient operator. This ensures that the discretizations of the

divergence and gradient are error free with respect to suitable projections, so that

the “Finite Volume Differences” are “eXact.”

Once discretized the gradient and divergence using Stokes’ Theorem, we are left

with discretizing the diffusion tensor as a “discrete Hodge star operator” [Bos00,

Dez95, Hip99, Rob96, Rob97b], that is, as an operator which puts tangential inte-

grals and face fluxes in one-to-one correspondence. We construct the discrete Hodge

star operator by interpolating the smoother of the two vector fields (the flux), mul-

tiplying the interpolant by the inverse of the diffusion coefficient, and integrating

the result along the edges. With simplicial meshes (intervals in 1D, triangles in

2D, tetrahedrons in 3D, etc.), face fluxes can be interpolated using “face-elements,”

that is, Whitney elements corresponding to differential forms of codimension one

[Bos98a, Kot84, Whi57]. In 1D, this boils down to linear spline interpolation. For-

mulas for 3D grids with hexahedral cells are given in Appendices C and D.

The XFVD method thus implements the “Discretization Strategy 2: Field Func-

tion Reconstruction and Projection” of Claudio Mattiussi, in which discretization of

field problems is reduced to the construction of a suitably factored “discrete field

theory” (determined implicitly by the projections dictated by Stokes’ Theorem), to-

gether with the approximation of the constitutive relations by way of interpolating

the discrete field data, applying the continuum constitutive relation to the inter-

polant, and projecting the result on the adjoint geometrical objects [Mat00]. (See

[AN98, BDDF87, HMSS01, HS88, HS97a, HS97b, HS99, HSS, HSS01, Mat97, Néd86,

Pal94, PS93, Rob97a] for related material.)
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Chapter 2

Setting

2.1 The 1D Poisson equation

We study discretizations of the Poisson equation

−∂x(κ∂xd) = g (2.1)

on the interval [0, 1], with boundary conditions

−α0 (κ∂xd)|0 + β0 d|0 = γ0, (|α0| + |β0| 6= 0), (2.2)

α1 (κ∂xd)|1 + β1 d|1 = γ1, (|α1| + |β1| 6= 0), (2.3)

where the source term g is (Lebesgue) integrable, and the diffusion coefficient κ is

such that

µ :=
1

κ

is positive (almost everywhere) and integrable (µ may be infinite over a set of measure

zero). (When dealing with standard weak formulations, we also assume κ to be

positive, measurable, and essentially bounded away from zero and infinity.)
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d is the temperature; κ∂xd, the (heat) flux; − (κ∂xd)|0, the outward flux through

the left boundary; and (κ∂xd)|1, the outward flux through the right boundary. If

α0 = 0, we say that the left boundary is Dirichlet, if β0 = 0, that it is Neumann,

and otherwise, that it is Robin; similarly for the right boundary.

We consider all combinations of boundary conditions:

DD: Dirichlet left and right: α0, α1 = 0, β0, β1 6= 0;

DR: Dirichlet left and Robin right: α0 = 0, α1, β0, β1 6= 0;

DN: Dirichlet left and Neumann right: α0, β1 = 0, α1, β0 6= 0;

RR: Robin left and right: α0, α1, β0, β1 6= 0;

RN: Robin left and Neumann right: α0, α1, β0 6= 0, β1 = 0; and

NN: Neumann left and right: α0, α1 6= 0, β0, β1 = 0.

The RD, ND, and NR cases are covered by left-right symmetry.

2.2 Dual grid structure

We assume given two interleaved grids

0 = x∗
−1/2 = x0 < x∗

1/2 < x1 < x∗
3/2 < · · · < xN−1 < x∗

N−1/2 < xN = x∗
N+1/2 = 1.

The open intervals (xi, xi+1)’s are cells; the xi’s, faces; x0 and xN , boundary faces,

and the other xi’s, interior faces. The open intervals (x∗
j , x

∗
j+1)’s are edges; the x∗

j ’s,

nodes; x∗
−1/2 and x∗

N+1/2, boundary nodes, and the other x∗
j ’s, interior nodes. Half-

edges are the intersections of edges with cells, so that half-edges lie between a node

and a face. hj = xj+1/2 − xj−1/2 is the length of the jth cell, and h−
j = x∗

j − xj−1/2

and h+
j = xj+1/2 − x∗

j are the lengths of the corresponding half-edges. h is the



Chapter 2. Setting 5

length of the largest cell. A uniform grid is one with equidistant faces—so that every

cell has length h—and interior nodes located at midpoints of cells, so that edges

have length h except for the first and last—the boundary edges—which have length

h/2 [Rob96, 269] [Rob97b, 18–20]. (The terminology is informed by the 2 and 3D

situations. The “∗” come from that the edges can be regarded as edges of cells of a

dual, or adjoint, grid [Bos98a, 99–101] [Hei87, 29–39, 177–178] [Mat00, 45–52, 87–89]

[Rob96, 266–267] [Rob97b, 16–20, 41–46].)
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Chapter 3

Show and tell

Proofs are found in later chapters.

3.1 Discrete analogs of the Poisson equation

We devote much attention to the properties of discrete analogs of the Poisson equa-

tion (2.1)–(2.3) of the form

−DM−1Gd = g, (3.1)

−α0(M
−1Gd)1 + β0d1 = γ0, (|α0| + |β0| 6= 0), (3.2)

α1(M
−1Gd)N+1 + β1dN+2 = γ1, (|α1| + |β1| 6= 0), (3.3)

in which M is a nonsingular (N +1)×(N +1) matrix, G and D are (N +1)×(N +2)

and N × (N + 1) matrices with one dimensional nullspaces, and d and g are column

vectors of dimensions N + 2 and N [Rob96, 265–266]. General properties of such

linear systems are established in Chapter 8. (See [Rob96] for formal adjointness

properties.)

Constructing G, M and D in such a way that solutions d of the corresponding
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discrete Poisson equation (3.1)–(3.3), as well as the fluxes M−1Gd, converge under

very weak assumptions on the source term, the diffusion coefficient, and the grid, is

the main topic of this thesis. (The basic discretization approach was described in

[Rob96]. Implementations, identical when κ is constant over each cell, were presented

and tested in [Rob97b].)

3.2 Building blocks of the discretization: The ma-

trices G, D and M

Define the (N + 1) × (N + 2) difference matrix

G :=




−1 1
−1 1

... ...
−1 1

−1 1


 . (3.4)

Define the N × (N + 1) difference matrix D to be the top left corner of G:

D :=

( −1 1
−1 1

... ...
−1 1

)
. (3.5)

Unlike the entries of G and D, the entries of the tridiagonal, nonnegative, (N +

1) × (N + 1) matrix M depend on the locations of the faces and nodes, and on the

linear moments of µ over the half-edges:

Mi+1,i :=

∫ xi

x∗

i−1/2

(
1 − x − xi−1

xi − xi−1

)
µ dx, (3.6)

Mi+1,i+1 :=

∫ xi

x∗

i−1/2

(
1 − x − xi

xi−1 − xi

)
µ dx

+

∫ x∗

i+1/2

xi

(
1 − x − xi

xi+1 − xi

)
µ dx, (3.7)

Mi+1,i+2 :=

∫ x∗

i+1/2

xi

(
1 − x − xi+1

xi − xi+1

)
µ dx. (3.8)
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The entries of M are integrals of µ := 1/κ—note the harmonic averaging—over

the edges, with positive weights determined by the distances to the two closest

faces. (The scheme has built-in homogenization—about homogenization, see [MC88,

OSY92].) M’s i + 1st row sum is

N+1∑

j=1

Mi+1,j =
(
M(1, 1, 1, . . . , 1)†

)
i+1

=

∫ x∗

i+1/2

x∗

i−1/2

µ dx,

and the sum of all the entries of M is

N+1∑

i=1

N+1∑

j=1

Mi,j = (1, 1, 1, . . . , 1)M(1, 1, 1, . . . , 1)† =

∫ 1

0

µ dx.

Proposition 1 The matrix M is nonsingular.

Example 1 Constant κ, and uniform grid with cell size h [Rob96, 272] [Rob97b,

67]:

M =
hµ

8




3 1

1 6 1

1 6 1
... ... ...


 . (3.9)

Example 2 κ constant on each cell [Rob97b, 67]: With µj standing for the value of

1/κ on the cell (xj−1/2, xj+1/2),

M =
1

8




3h 1

2
µ 1

2
h 1

2
µ 1

2

h 1

2
µ 1

2
3h 1

2
µ 1

2
+ 3h 3

2
µ 3

2
h 3

2
µ 3

2

h 3

2
µ 3

2
3h 3

2
µ 3

2
+ 3h 5

2
µ 5

2
h 5

2
µ 5

2

. . . . . . . . .




.

M may not be symmetric:
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Example 3 κ constant on each edge, and uniform grid with cell size h: With µi

standing for the value of µ on the edge (x∗
i−1/2, x

∗
i+1/2),

M =
h

8




3µ0 µ0

µ1 6µ1 µ1

µ2 6µ2 µ2

. . . . . . . . .




.

Symmetric positive definiteness can be restored by moving each interior node to

a location uniquely determined by the distribution of the values of κ in the corre-

sponding cell.

3.3 Approximating κ∂x and −∂xκ∂x

Define N to be the N × N diagonal matrix with entries the cell lengths, that is,

N :=




h1/2

h3/2

h5/2

. . .




. (3.10)

With G, M and D given by (3.4)–(3.8), define the N × (N + 2) matrix

L := −N−1DM−1G (3.11)

and the (N + 1) × (N + 2) matrix

F := M−1G.

L and F approximate the differential operators −∂xκ∂x and κ∂x as follows: With d

a given function on the interval, let the column vector d of dimension N + 2 have
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entries the values of d at the nodes:

dj+3/2 := d|x∗

j
, j = −1

2
,
1

2
,
3

2
, . . . , N +

1

2
.

Then, Ld—a column vector of dimension N—has entries which approximate the

point values of −∂x(κ∂xd) at the interior nodes:

(Ld)j+1/2 ≈ −(∂x(κ∂xd))|x∗

j
, j =

1

2
,
3

2
,
5

2
, . . . , N − 1

2
. (3.12)

Similarly, Fd approximates the point values of κ∂xd at the faces:

(Fd)i+1 ≈ (κ∂xd)|xi
, i = 0, 1, 2, . . . , N . (3.13)

In some situations, Fd and Ld give the point values of κ∂xd and −∂xκ∂xd exactly.

Proposition 2 Suppose that κ is constant over each cell and that d is a continuous

piecewise quadratic function with breaks at the faces—that is, the restriction of d to

each cell is quadratic over each cell—such that κ∂xd is continuous. Then, the entries

of Fd are the values of κ∂xd at the faces, and the entries of Ld are the values of

−∂x(κ∂xd) at the interior nodes, so that “≈” can be replaced by “=” in (3.12)–(3.13)

[Rob97b, 27].

Proposition 3 Suppose that d is cubic, κ is constant, and the grid is uniform. Then,

the entries of Ld are the values of −∂x(κ∂xd) at the interior nodes, so that “≈” can

be replaced by “=” in (3.12) [Rob97b, 27].

Propositions 2 and 3 are only indicative of the truncation error. The author

suspects that the Peano Kernel Theorem [Pow81, 268–282] could be used to derive

rigorous truncation error bounds.
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3.4 Solvability of the discrete system of equations

Theorem 1 Let the column vector g, of dimension N , have entries the integrals of

g over the cells:

gi+1 :=

∫ xi+1

xi

g dx, i = 0, 1, 2, . . . , N − 1.

Also let G, M and D be given by (3.4)–(3.8). Then:

NN: When both boundaries are Neumann, the discrete Poisson equation (3.1)–

(3.3) has solutions, unique up to an additive constant—a vector with constant

entries—if and only if the Neumann solvability condition

γ1

α1

+
γ0

α0

= −
∫ 1

0

g dx, (β0, β1 = 0), (3.14)

or its discrete equivalent

γ1

α1

+
γ0

α0

= −(1, 1, 1, . . . , 1)g = −
N∑

i=1

gi, (β0, β1 = 0),

holds, in which case a unique solution can be selected by specifying d1 = 0 as

an additional boundary condition (there are other ways of nailing a particular

solution);

DR, RR: When at least one of the boundaries is Robin and none is Neumann,

the discrete Poisson equation has a unique solution if and only if the Robin

solvability condition

α1

β1

+
α0

β0

6= −
∫ 1

0

µ dx, (β0,β1 6= 0, |α0| + |α1| 6= 0), (3.15)

or its discrete equivalent

α1

β1

+
α0

β0

6= −(1, 1, 1, . . . , 1)M(1, 1, 1, . . . , 1)† = −
N+1∑

i=1

N+1∑

j=1

Mi,j,

(β0,β1 6= 0, |α0| + |α1| 6= 0),
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holds;

DD, DN, RN: Otherwise, the discrete Poisson equation has a unique solution.

This parallels the continuum situation: If both boundaries are Neumann, the

Poisson equation (2.1)–(2.3) has solutions only if the Neumann solvability condition

is satisfied, in which case the solution is unique up to an additive constant [Mar86,

125] [OSY92, 37] [Trè75, 357]. Physically, the Neumann solvability condition means

that the flux through the boundary balances the contribution of the source term.

Similarly, if the Robin solvability condition does not hold, the Poisson equation (2.1)–

(2.3) may have no solution, or solutions with different fluxes. The Robin solvability

condition is automatically satisfied if α1/β1 +α0/β0 is nonnegative, which is the case

when boundary conditions are “radiative” and signs are chosen so that the bilinear

form corresponding to the standard weak formulation of the Poisson equation (2.1)–

(2.3) is coercive [Mar86, 123] [Trè75, 363], for example when the boundary conditions

are derived from Newton’s Law of Heat Exchange [BL84, 4] [TS90, 200].

3.5 Solution error

In the remainder of this chapter, d stands for a standard weak, or a “quasi-classical”

(defined later), solution of the Poisson equation (2.1)–(2.3), f stands for its flux, d

stands for a solution of the discrete Poisson equation (3.1)–(3.3) obtained with g, G,

M and D as in Theorem 1, and f := Fd stands for its flux. At issue is how well d

and f approximate d and f .

Proposition 4 f has entries which differ from the values of κ∂xd at the faces by a

constant. f is exact—so that (3.13) holds with “≈” replaced by “=”—if at least one

of the boundaries is Neumann.
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Proposition 5 f and d are exact if the source term g is piecewise constant with

breaks at the faces.

Proposition 6 f is exact if, with respect to the mid-point of the domain, κ and g

are even, and the grid is symmetric.

Proposition 7 d is exact if the grid is uniform, κ is constant, g is linear, and both

boundaries are Dirichlet.

3.6 Stability and convergence of numerical solu-

tions

Throughout this thesis, the source term is assumed to be in L1. We do not know

whether the method converges if the source term is in H−1 but not in L1 (H−1 is

the dual of the Sobolev space H1), even if the boundary conditions are such that

standard weak solutions exist.

Theorem 2 The XFVD solution of the Poisson equation is stable with respect to

perturbations of the source term, boundary conditions, and domain.

Theorem 3 For standard weak solutions, and for “pseudo-classical” solutions, the

point values of the temperature and flux computed with the XFVD method converge

in max norm provided h goes to zero (if at least one of the boundaries is Neumann,

the fluxes are exact). If the source term and the inverse of the diffusion coefficient

are in L2, the computed temperatures and fluxes converge at least at first order, and

if, in addition, the restriction of the source term to every cell is in H1, they converge

at least at second order.
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Numerical tests suggest that source terms in L1 may be sufficient to ensure first

order max norm convergence to weak solutions, and that source terms and diffusion

coefficient inverses in L2 yield order 3/2 max norm convergence.

3.7 Numerical test: discontinuous piecewise tran-

scendental diffusion coefficient and source

term solved on piecewise uniform grids with

no face or node at the discontinuities

Comparative tests are found in Chapter 16. The linear equations are solved with a di-

rect, “double sweep,” method which only requires 15 flops per cell (see Appendix A).

The Poisson equation (2.1)–(2.3) is solved on the interval [0, 1]. The diffusion

coefficient is

κ|x =





sec(x), (0 ≤ x < 3
4
),

1, (3
4

< x ≤ 1).

The source term is

g|x =





10, (0 ≤ x < 1
2
),

exp(x), (1
2

< x ≤ 1).

κ and g are discontinuous. The boundary conditions are set so that the solution is

d|x =





(
5 − exp(1

2
)
)
sin(x) + 10 (1 − cos(x) − x sin(x)) , (0 ≤ x ≤ 1

2
),

a − 1
2
exp(x) (sin(x) + cos(x)) , ( 1

2
≤ x ≤ 3

4
),

a + b − exp(x), (3
4
≤ x ≤ 1),
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where

a = 10 − 1
2
exp(1

2
) sin(1

2
) +

(
1
2
exp(1

2
) − 10

)
cos(1

2
), and

b = 1
2
exp(3

4
)
(
2 − sin(3

4
) − cos(3

4
)
)
.

The flux is

f |x =





−10(x − 1
2
) − exp(1

2
) (0 ≤ x ≤ 1

2
),

− exp(x), (1
2
≤ x ≤ 1).

f is continuous but not differentiable at x = 1/2. d is in the Sobolev space H1 but

not H2 (the space of functions in H1 with derivatives in H1) since κ has a jump at

3/4 and the flux does not vanish there. The boundary conditions are derived from

the exact solution using the following parameters:

DD: α0 = α1 = 0, β0 = β1 = 1; (3.16)

DR: α0 = 0, α1 = β0 = β1 = 1; (3.17)

DN: α0 = β1 = 0, α1 = β0 = 1; (3.18)

RR: α0 = 2, α1 = β0 = β1 = 1; (3.19)

RN: α0 = α1 = β0 = 1, β1 = 0; (3.20)

NN: α0 = α1 = 1, β0 = β1 = 0. (3.21)

In the NN case, a unique solution is picked out by imposing a Dirichlet boundary

condition at the left boundary.

The piecewise uniform grids have no face or node at the discontinuities of κ and g:

2M equal cells cover the interval [0, 1/4], and 2M+4 smaller, equal, cells cover [1/4, 1].

The nodes are placed at cell centers. The derivative of the mapping induced by the

piecewise uniform grids has a jump at x = 1/4: The size of cells to the left of 1/4 is

16/3 times the size of those to the right.
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Table 3.1: Poisson equation with discontinuous piecewise transcendental diffusion
coefficient and source term solved on piecewise uniform grids with no face or node
at the discontinuities. Max norms of the error in the computed temperatures at the
nodes and fluxes at the faces. d is the vector of computed nodal temperatures, and
f is the vector of computed face fluxes. “0” stands for round-off error only.

N maxj

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ maxi

∣∣f i+1 − f |xi

∣∣

DD: 136 1.49E−5 2.70E−5

272 3.73E−6 6.75E−6

DR: 136 2.16E−5 1.30E−5

272 5.41E−6 3.26E−6

DN=RN=NN: 136 2.79E−5 0

272 6.98E−6 0

RR: 136 1.58E−5 6.40E−6

272 3.96E−6 1.60E−6

Because the fluxes are exact whenever at least one of the boundaries is Neumann,

we have that the solutions for DN, RN and NN boundary conditions are the same

(within roundoff). As seen in Table 3.1, the nodal values of the temperature converge

in max norm at second order, and the face fluxes are exact when at least one of the

boundaries is Neumann, and otherwise converge in max norm at second order.
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3.8 Numerical test: constant diffusion coefficient

and integrable, but not square integrable,

source term which blows up at the boundary,

solved on uniform grids

The Poisson equation (2.1)–(2.3) is solved on the interval [0, 1]. The diffusion coef-

ficient is the constant 1. The source term is

g|x = x−3/4.

g blows up at the left boundary and belongs to L1 but not L2. The boundary

conditions are set so that the solution is

d|x = −16

5
x5/4.

d is in H1, but not H2. The boundary conditions are derived from the exact solution

using the same parameters as in the last numerical test. The grids are uniform.

It is easily shown that, for DN boundaries and constant diffusion coefficient,

the computed temperature at the first interior node converges to its exact value at

order 1 + ε if the source term is x−1+ε (ε > 0). This yields an upper bound for the

convergence rate of this test’s problem solution (1+ε = 5/4), as well as a constructive

proof that the convergence rate of the method cannot be better than 1 in max norm,

and 2 in “L1” norm, for generic source terms in L1. (This back of the envelope

computation also shows that the convergence rate of the temperatures cannot be

better than 3/2 in max norm, and 2 in “L2” norm, for generic source terms in L2.)

The numerical results presented in Table 3.2 are consistent with these estimates:

the nodal values of the temperature converge in max norm at order 5/4, and the

face fluxes are exact when at least one of the boundaries is Neumann and otherwise

converge in max norm at order 5/4.
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Table 3.2: Poisson equation with constant diffusion coefficient and integrable but
not square integrable source term solved on uniform grids.

N maxj

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ maxi

∣∣f i+1 − f |xi

∣∣

DD: 4096 3.87E−5 3.91E−5

8192 1.63E−5 1.64E−5

DR: 4096 3.88E−5 1.96E−5

8192 1.63E−5 8.22E−6

DN=RN=NN: 4096 3.91E−5 0

8192 1.64E−5 0

RR: 4096 1.96E−5 9.78E−6

8192 8.22E−6 4.11E−6

3.9 Numerical test: degenerate diffusion coeffi-

cient which vanishes at the boundary, and

integrable, but not square integrable, source

term which blows up at the boundary, solved

on uniform grids

The Poisson equation (2.1)–(2.3) is solved on the interval [0, 1]. The diffusion coef-

ficient is

κ|x =
√

x.

κ vanishes at the left boundary.

The source term is

g|x = −1

9
x−5/6.
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Table 3.3: Poisson equation with diffusion coefficient which vanishes at the bound-
ary, and integrable, but not square integrable, source term which blows up at the
boundary, solved on uniform grids.

N maxj

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ maxi

∣∣f i+1 − f |xi

∣∣

DD: 1048576 4.88E−4 2.45E−4

2097152 3.08E−4 1.54E−4

DR: 1048576 4.88E−4 1.63E−4

2097152 3.08E−4 1.03E−4

DN=RN=NN: 1048576 4.89E−4 0

2097152 3.08E−4 0

RR: 1048576 2.93E−4 9.78E−5

2097152 1.85E−4 6.16E−5

g blows up at the left boundary and belongs to L1 but not L2. The boundary

conditions are set so that the solution is

d|x = 9x2/3.

d is in H1, but not H2. The boundary conditions are derived from the exact solution

using the same parameters as in the above tests. The grids are uniform.

It is easily shown that, for DN boundaries and constant diffusion coefficient, the

computed temperature at the first interior node converges to its exact value at order

p1 if the solution temperature is xp1 and the diffusion coefficient is xp2 with p1 > 0,

p2 < 2, and p1+p2 6= 2. This yields an upper bound for the temperature convergence

rate of this test’s problem (p1 = 2/3). This also shows that one can choose p1 so

as to make convergence arbitrarily slow, although the temperature is not in H1 for

p1 ≤ 1/2. The convergence rate is at least 1/2 for test problems with temperature

in H1.
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The numerical results presented in Table 3.3 are consistent with these estimates:

the nodal values of the temperature converge in max norm at order 2/3, and the

face fluxes are exact when at least one of the boundaries is Neumann and otherwise

converge in max norm at order 2/3.
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Chapter 4

Derivation and motivation of the

discretization

The first two sections of this chapter are 1D versions of material originally published

in [Rob96].

4.1 Natural projections

A key feature of the XFVD method is that it uses projections dictated by (the gen-

eralized) Stokes’ Theorem in order to get accurate difference approximations, projec-

tions which include integrals—over cells, edges and, in higher dimensions, faces—in

addition to point values. In 1D, Stokes’ Theorem is simply the Fundamental Theorem

of Calculus:

∫ t

s

∂xd dx = d|t − d|s , (d ∈ AC),

where AC is the space of absolutely continuous (“AC”) functions [Rud87, 145–146,

148]. The Fundamental Theorem of Calculus implies that the integral of the deriva-

tive of ∂xd is known exactly, that is, without truncation error, if the values of d at
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the endpoints of the interval of integration are known. Discretizing ∂x with point

values as “inputs” and definite integrals as “outputs” thus yields difference formulas

which are truncation error free: this pair of projections from the continuum to the

discrete is natural for the differential operator ∂x.

4.2 The natural discretizations of the gradient

and divergence

Definition 1

πN : AC → R
N+2 : (πN(d))j+3/2 := d|x∗

j
, j = −1

2
,
1

2
, . . . , N +

1

2
,

πE : L1 → R
N+1 : (πE(e))i+1 :=

∫ x∗

i+1/2

x∗

i−1/2

e dx, i = 0, 1, . . . , N ,

πF : AC → R
N+1 : (πF(f))i+1 := f |xi

, i = 0, 1, . . . , N , and

πC : L1 → R
N : (πC(g))j+1/2 :=

∫ xj+1/2

xj−1/2

g dx, j =
1

2
, 3/2, . . . , N − 1

2
.

For example, d = πN(d) means that the N +2 entries of the column vector d are

the (point) values of the function d at the nodes; e = πE(e) means that the entries

of e are integrals of e over edges.

Recall G and D, the matrix representations of the simple difference operators

over RN+2 and RN+1 ((3.4)–(3.5)). (D is a 1D version of the matrix D discussed

in [Bos98a, 137], which defines the relative orientations of faces with respect to

cells (tetrahedrons in [Bos98a]) which they bound. Likewise, G is a 1D version of

the matrix G discussed in [Bos98a, 136] which defines the relative orientations of

(adjoint) nodes with respect to the edges which link them.)
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Proposition 8

AC
∂x−−−→ L1

�

N

y �

E

y

RN+2 G−−−→ RN+1

and

AC
∂x−−−→ L1

�

F

y �

C

y

RN+1 D−−−→ RN

commute, that is,

πE(∂xd) = GπN(d), (d ∈ AC), and

πC(∂xf) = DπF(f), (f ∈ AC).

Proof: Use the Fundamental Theorem of Calculus (4.1) on every edge and cell, and

note that G and D map column vectors to the differences of their consecutive entries.

2

Since, with respect to the natural projections, G and D discretize the gradient

and divergence operators exactly, we make the following definitions.

Definition 2 G, understood as the matrix representation of the discretization of ∂x

with domain nodal values and range edge integrals, is the natural gradient.

Definition 3 D, understood as the matrix representation of the discretization of ∂x

with domain face values and range cell integrals, is the natural divergence.

4.3 Discretizing the diffusion coefficient

Having discretized both ∂x’s in ∂xκ∂x, we are left with the task of discretizing the

sandwiched diffusion coefficient. This discretization should link the range of G to

the domain of D, that is, connect edge integrals to face (flux) values: a “discrete
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Hodge star operator” [Bos00, 753, 755–756] [Rob96, 269–271] [Rob97b, 23–26, 51–

57]. (The Hodge star operator analogy is motivated by the fact that the mapping

between 0 forms and 1 forms which we construct is linear—because κ depends only

on position—and local in character. If, however, κ depends on the gradient or the

flux, instead of depending only on position, the corresponding mapping between

fluxes and edge tangential integrals is nonlinear, in which case the “discrete Hodge

star operator” label is not to be taken literally. This is why C. Mattiussi sticks to

“constitutive relation” [Mat00, 97–98].)

For solutions of the Poisson equation, the flux κ∂xd is usually smoother than

the gradient ∂xd. For example, at the interface between two materials with distinct

diffusion coefficient, the flux is continuous, while the gradient jumps. One expects

that interpolating the smoother object will lead to more accurate schemes.

Let P be the (spline) space of continuous functions which are affine (polynomial of

degree one) over each cell, and let ιF be the “interpolation operator” which associates

to the face flux data f ∈ R
N+1 the unique s̃ ∈ P which interpolates it, so that ιFf

is the linear spline interpolant of the entries of f with (interpolatory) knots the grid

faces [HH91, 230, 234]. ιF is a right inverse of πF, that is, πFιF is the identity. This

allows defining the matrix M by way of the following commuting diagram:

P
µ−−−→ L1

�

F

y �

E

y

RN+1 M−−−→ RN+1

so that

Mf := πE(µ ιF(f)),

that is,

(Mf)i+1 :=

∫ x∗

i+1/2

x∗

i−1/2

µ ιF(f) dx.
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Since the restriction of s̃ := ιF(f) to the half-edge [x∗
i−1/2, xi] is the straight line

joining (xi−1, f i−1) to (xi, f i), that is,

s̃|x =
x − xi

xi−1 − xi

f i−1 +
x − xi−1

xi − xi−1

f i, (xi−1 ≤ x ≤ xi),

and the restriction of ιF(f) to the half-edge [xi, x
∗
i+1/2] is the straight line joining

(xi, f i) and (xi+1, f i+1), closed form formulas for the entries of M are (3.6)–(3.8).

4.4 Future direction: discretizing µ with block

pseudospectral interpolation

Suppose that we have a “coarse” grid which is aligned with the discontinuities of the

source term and the diffusion coefficient in such a way that it is reasonable to expect

the flux to be infinitely differentiable in the interior of each “coarse level” cell. In

this case, one would expect to get “spectral” convergence rates by using polynomials

of arbitrarily high degree over the “coarse level” cells, instead of piecewise linears

over “fine level” cells. It may then be advantageous to locate the nodes at Legendre

or Chebyshev polynomial zeros, and the faces at Legendre or Chebyshev polynomial

extrema.
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Chapter 5

M is nonsingular

Throughout this chapter, we only assume that µ is positive (almost everywhere) and

integrable (so that µ may be infinite over a set of measure zero).

Lemma 1 Let f̃ be a continuous function with the property that if f̃ vanishes at

two points in the closure of a cell, then it vanishes on the whole cell. Then, if f̃µ

averages to zero over every edge, that is, if

∫ x∗

i+1/2

x∗

i−1/2

f̃µ dx = 0, i = 0, 1, 2, . . . , N , (5.1)

then f̃ vanishes identically on the interval [0, 1].

Proof:

Part 1: Let

f̃i := f̃ |xi
, i = 0, 1, 2, . . . , N .
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We first prove by induction that, if f̃0 6= 0, then

f̃i

|f̃i|
= − f̃i−1

|f̃i−1|
, and (5.2)

f̃i

∫ xi

x∗

i−1/2

f̃µ dx > 0, (5.3)

hold for i = 1, 2, 3, . . . , N .

Suppose without loss of generality that f̃0 > 0. Because x∗
−1/2 = x0,

∫ x∗

1/2

x0

f̃µ dx =

∫ x∗

1/2

x∗

−1/2

f̃µ dx = 0.

Because f̃0 > 0 and f̃ is continuous, f̃ must be negative somewhere on (x0, x
∗
1/2), for

otherwise the integral would be positive. Because f̃ , which is continuous, can only

vanish once on [x0, x1], f̃ must remain negative all the way to x1. Consequently

f̃ |x < 0 for all x ∈ [x∗
1/2, x1],

so that f̃1 and the integral of f̃µ over [x∗
1/2, x1] are negative.

Now, suppose that (5.2)–(5.3) hold for some i greater than zero but smaller than

N . We show that (5.2)–(5.3) hold for i + 1.

Without loss of generality, suppose that f̃i < 0 and
∫ xi

x∗

i−1/2

f̃µ dx < 0.

Because
∫ x∗

i+1/2

xi

f̃µ dx =

∫ x∗

i+1/2

x∗

i−1/2

f̃µ dx −
∫ xi

x∗

i−1/2

f̃µ dx = 0 −
∫ xi

x∗

i−1/2

f̃µ dx > 0,

f̃ must be positive somewhere on [xi, x
∗
i+1/2]. We can proceed as for the first cell.

Part 2: Suppose that f̃0 6= 0. Because x∗
N+1/2 = xN , (5.2)–(5.3) imply that

∫ x∗

N+1/2

x∗

N−1/2

f̃µ dx =

∫ xN

x∗

N−1/2

f̃µ dx 6= 0,
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which contradicts (5.1). Consequently, f̃0 must vanish.

Part 3: Because f̃0 = 0, f̃ must vanish on the whole of [x0, x1], for otherwise f̃ must

have a constant sign on (x∗
−1/2, x

∗
1/2] = (x0, x

∗
1/2], which contradicts the vanishing of

the integral of f̃µ on the first edge. But since then f̃1 = 0 and

∫ x∗

3/2

x1

f̃µ dx =

∫ x∗

3/2

x∗

1/2

f̃µ dx −
∫ x1

x∗

1/2

f̃µ dx = 0 −
∫ x1

x∗

1/2

0µ dx = 0,

we can use the same argument to show that f̃ vanishes on the whole of the second cell.

Proceeding this way from one cell to the next, we see that f̃ vanishes everywhere. 2

Corollary 1 The matrix M, defined in (3.6)–(3.8), is nonsingular.

Proof: Suppose that Mf = 0.

Let f̃ be the piecewise linear function with breaks at the faces such that

f̃ |xi
= f i+1, i = 0, 1, 2, . . . , N .

Mf = 0 is equivalent to (5.1) by construction. By Lemma 1, f̃ vanishes identically.

Consequently, f = 0. 2

This proof is easily adapted to show that M is nonsingular for periodic grids with

an odd number of cells.

If µ is constant over each cell, and the nodes are placed at the center of the cells,

M is symmetric positive definite for any grid, periodic or nonperiodic, because M is

then strictly diagonally dominant [GVL96, 120, 141]. If, however, the periodic grid

has an even number of cells, and µ is not constant over each cell, M may be singular.

A counterexample involves a piecewise constant µ with two different values within

each cell, unevenly distributed so as to get a “sawtooth” in the nullspace of M.
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Chapter 6

Discretizing κ∂x and −∂xκ∂x

−DM−1G and M−1G approximate the differential operators −∂xκ∂x and κ∂x as

follows: Let d belong to

S := {d ∈ AC : κ∂xd ∈ AC} = {d ∈ AC : ∂xd ∈ µAC} ,

so that d and its flux κ∂xd are absolutely continuous. (µAC is the space of functions

which are products of AC functions by µ.) Then,

S
∂x−−−→ µAC

µ−1

−−−→ AC
−∂x−−−→ L1

�

N

y �

E

y ≈ �

F

y �

C

y

R
N+2 G−−−→ R

N+1 M
−1

−−−→ R
N+1 −D−−−→ R

N

(6.1)

(the “≈” in the middle “square” of diagram (6.1) means that this part commutes

only approximately) so that

M−1GπN(d) ≈ πF(κ∂xd), and

−DM−1GπN(d) ≈ πC(−∂x(κ∂xd)).

The discretizations of the divergence and gradient operators with respect to the

natural projections being exact by the (generalized) Stokes’ Theorem, truncation



Chapter 6. Discretizing κ∂x and −∂xκ∂x 30

and solution errors thus arise solely from the discretization of the material property

κ (“...the main consequence of the peculiar nature of constitutive relations lies in

their preventing, in general, the attainment of an exact discrete solution.” [Mat00,

35]).

In some situations, the correspondence is not approximate:

Proposition 9 Suppose that κ is constant over each cell and that d is a continuous

piecewise quadratic function with breaks at the faces such that κ∂xd is continuous.

Then,

M−1GπN(d) = πF(κ∂xd), and (6.2)

−DM−1GπN(d) = πC(−∂x(κ∂xd)), (6.3)

that is, M−1G and −DM−1G, as approximations of κ∂x and −∂xκ∂x, are exact.

Proof: It is sufficient to show that the middle square of (6.1) “commutes” for ∂xd.

The hypotheses imply that κ∂xd is a continuous piecewise linear spline in the range

of ιF, so that ιF(πF(κ∂xd)) = κ∂xd. Consequently,

πF(µ
−1∂xd) = πF(κ∂xd) = M−1MπF(κ∂xd) = M−1πE(µ ιF(πF(κ∂xd)))

= M−1πE(µκ∂xd) = M−1πE(∂xd). 2

Proposition 10 Suppose that d is cubic, κ is constant, and the grid is uniform.

Then, (6.3) holds, that is, −DM−1G, as an approximation of −∂xκ∂x, is exact.

Proof: By Proposition 9, −DM−1GπN(d) is exact for d quadratic. By linearity,

we only need to show that −DM−1G is exact for one nontrivial cubic (x3) and

one nonzero constant diffusion coefficient (1). Because D is exact, and vectors with

constant entries—the face projections of constant functions—are in its nullspace, the

proof will be complete when we show that the error vector M−1GπN(x3)−πF(∂xx
3)

has constant entries.



Chapter 6. Discretizing κ∂x and −∂xκ∂x 31

Because G is exact, it is sufficient to show that M−1πE(3x
2) − πF(3x

2) has

constant entries, which we show equal −3h2/2. Thus, after multiplication by M, we

want to compare

πE(3x
2) =

(
x∗

1/2
3 − x∗

−1/2
3, x∗

3/2
3 − x∗

1/2
3, x∗

5/2
3 − x∗

3/2
3, . . .

)†
,

MπF(3x
2) =

3h

8

(
3x2

0 + x2
1, x

2
0 + 6x2

1 + x2
2, x

2
1 + 6x2

2 + x2
3, . . .

)†
,

and

−3h2

2
M (1, 1, 1, . . . )† = −3h2

2

(
h

2
, h, h, . . .

)†

= −
(

3h3

4
,
3h3

2
,
3h3

2
, . . .

)†

.

The first—and last—entries match because

x∗
1/2

3 − x∗
−1/2

3 − 3h

8

(
3x2

0 + x2
1

)
=

(
x0 +

h

2

)3

− x3
0 −

3h

8

(
3x2

0 + (x0 + h)2)

= −h3

4
.

The “interior” entries also match because, for 0 < i < N ,

x∗
i+1/2

3 − x∗
i−1/2

3 − 3h

8

(
x2

i−1 + 6x2
i + xi+1

)

=

(
xi +

h

2

)3

−
(

xi −
h

2

)3

− 3h

8

(
(xi − h)2 + 6x2

i + (xi + h)2)

= −h3

2
. 2

Propositions 2 and 3 follow from Propositions 9 and 10, for N is the matrix

representation of an invertible operator which converts nodal values to cell integrals,

operator which is exact on piecewise constant functions with breaks at the faces and,

when the interior nodes are located at the center of the cells, on continuous piecewise

linear functions with breaks at the faces.
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Chapter 7

“Quasi-classical solutions” of the

Poisson equation

We construct “quasi-classical solutions” of the Poisson equation, and derive the Neu-

mann and Robin solvability conditions from the necessity that the ansatz define

unique fluxes. The treatment resembles that of Chapter 3 of [AMR88].

Throughout this chapter, we only assume that µ is positive (almost everywhere)

and integrable.

7.1 Poisson equation ansatz

Let λ1 and λ2 be constants. Let

f |x = λ1 −
∫ x

0

g ds,

e = µf , and

d|x = λ2 +

∫ x

0

e ds.
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Because g is in L1, f is AC and

∂xf = −g a.e.

[Rud87, 141, 145]. Because µ is positive and in L1, e is in L1; consequently, d is AC,

and

∂xd = e a.e.,

so that

κ∂xd = f a.e.

Furthermore,

d|x = λ2 + λ1

∫ x

0

µ ds −
∫ x

0

µ

(∫ s

0

g dt

)
ds.

Note that, unless it vanishes, the “gradient” e is discontinuous at the discontinu-

ities of µ. The flux f , however, is AC even if µ and g are discontinuous.

7.2 Satisfying the boundary conditions

Lemma 2 There exist unique values of λ1 and λ2 such that

−α0 f |0 + β0 d|0 = γ0, (7.1)

α1 f |1 + β1 d|1 = γ1, (7.2)

if and only if

α0β1 + α1β0 6= −β0β1

∫ 1

0

µ ds. (7.3)
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Proof: (7.1)–(7.2) are equivalent to

−α0λ1 + β0λ2 = γ0, (7.4)(
α1 + β1

∫ 1

0

µ ds

)
λ1 + β1λ2 = γ1 + α1

∫ 1

0

g ds +

β1

∫ 1

0

µ

(∫ s

0

g dt

)
ds, (7.5)

so that unique values of λ1 and λ2 can be chosen if and only if the determinant of

the coefficient matrix is nonzero, that is, if and only if (7.3) holds. 2

Proposition 11 There exist unique values of λ1 and λ2 such that (7.1)–(7.2) hold

if and only if at least one of the boundaries is not Neumann and, if at least one of

the boundaries is Robin and none Neumann, the Robin solvability condition (3.15)

holds.

Proof:

DN, RN, NN: If at least one of the boundaries is Neumann, the right hand side

of (7.3) vanishes. If both boundaries are Neumann, then β0 = β1 = 0; conse-

quently the left hand side of (7.3) vanishes as well. If the right boundary is

Neumann, and the left is Dirichlet or Robin, then β1 = 0, and α1 and β0 do

not vanish; consequently the left hand side of (7.3) equals α1β0 6= 0.

DD, DR, RR: If no boundary is Neumann, β0 and β1 are nonzero; consequently,

the right hand side of (7.3) does not vanish. We can divide both sides of (7.3)

by β0β1, obtaining the Robin solvability condition (3.15).

If both boundaries are Dirichlet, then α0 = α1 = 0; consequently, the left hand

side of (7.3) vanishes, and the Robin solvability condition holds. 2

Proposition 12 If both boundaries are Neumann, then there exist values of λ1 and

λ2 such that (7.1)–(7.2) hold if and only if the Neumann solvability condition (3.14)
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holds, in which case λ1 is unique and λ2 can be chosen arbitrarily, so that all solutions

have the same flux, and differ by a constant.

Proof: Because β0 = β1 = 0, (7.4)–(7.5) read

−α0λ1 = γ0, (7.6)

α1λ1 = γ1 + α1

∫ 1

0

g ds. (7.7)

(7.6)–(7.7) do not involve λ2: the value of λ2 does not affect whether the boundary

conditions are satisfied.

Because α0 and α1 do not vanish, the unique values of λ1 which satisfy each of

the equations must agree if the two equations are to be solved simultaneously, that

is,

− γ0

α0

=
γ1

α1

+

∫ 1

0

g ds,

which is equivalent to the Neumann solvability condition (3.14). 2

Proposition 13 If at least one of the boundaries is Robin and none Neumann, and

the Robin solvability condition (3.15) does not hold, then there exist values of λ1 and

λ2 such that (7.1)–(7.2) hold if and only if

α1

β1

∫ 1

0

g ds +

∫ 1

0

µ

(∫ s

0

g dt

)
ds =

γ0

β0
− γ1

β1
,

in which case there exists a one parameter family of solutions with fluxes differing

by a constant.

Proof: Because β0 and β1 do not vanish, (7.4)–(7.5) are equivalent to

−α0

β0
λ1 + λ2 =

γ0

β0
,

(
α1

β1
+

∫ 1

0

µ ds

)
λ1 + λ2 =

γ1

β1
+

α1

β1

∫ 1

0

g ds +

∫ 1

0

µ

(∫ s

0

g dt

)
ds.
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Because the Robin solvability condition (3.15) does not hold, the left hand sides are

the same; consequently, there is no solution if the two right hand sides are not equal,

and otherwise there is a one parameter family of solutions with distinct λ1 values.

2
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Chapter 8

Existence and uniqueness of

solutions discrete analogs of the

Poisson equation

Mimicking the continuum arguments of Chapter 7, we study properties of systems of

linear equations having a structure analogous to that induced by XFVD discretiza-

tions of the Poisson equation.

8.1 General solution of the “discrete Poisson

equation”

Lemma 3 Let M̆ be a nonsingular (N + 1) × (N + 1) matrix, and Ğ and D̆ be

(N +1)× (N +2) and N × (N +1) matrices with one dimensional nullspaces. Then,

the general solution of

−D̆M̆
−1

Ğd = g (8.1)
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is

d = c + λ1m + λ2l (8.2)

with λ1 and λ2 arbitrary numbers, where c is a solution of

Ğc = M̆f , (8.3)

f is a solution of

−D̆f = g, (8.4)

l is a nonzero element of the nullspace of Ğ, n is a nonzero element of the nullspace

of D̆, and m is a solution of

Ğm = M̆n. (8.5)

Proof: D̆, a matrix of dimensions N ×(N +1), having full rank, let f be a solution of

(8.4). With n a generator of the one dimensional nullspace of D̆, the general solution

of −D̆h = g is h = f + λ1n, where λ1 is an arbitrary scalar.

Ğ, a matrix of dimensions (N +1)× (N +2), having full rank, let c be a solution

of (8.3), m be a solution of (8.5), and l be a generator of the nullspace of Ğ.

Because

M̆ (f + λ1n) = Ğ (c + λ1m) ,

the general solution of (8.1) is seen to be as stated. 2
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8.2 Satisfying the “boundary conditions”

For the remainder of this chapter, let D̆, Ğ, M̆, f , l, m and n be as in Lemma 3.

The quotes around “boundary conditions” come from that the results are inde-

pendent of whether the linear equations arise from discretizing the Poisson equation

(2.1)–(2.3); it is the structure of the linear system of equations which matters here,

not their interpretation. We nevertheless use “Dirichlet,” “Robin” and “Neumann”

as descriptors for the values of the α’s and β’s.

Lemma 4 The linear system of equations

−D̆M̆
−1

Ğd = g, (8.6)

−α0(M̆
−1

Ğd)1 + β0d1 = γ0, (8.7)

α1(M̆
−1

Ğd)N+1 + β1dN+2 = γ1, (8.8)

has a unique solution if and only if

α0β1lN+2n1 + α1β0l1nN+1 6= −β0β1 (l1mN+2 − lN+2m1) . (8.9)

Proof: Lemma 3 implies that the general solution of (8.6) is given by (8.2). Remains

to show that the boundary conditions can be satisfied for some unique choices of λ1

and λ2. (m is not a multiple of l because Ğm 6= 0.)

(8.7)–(8.8) are equivalent to

−α0 (f1 + λ1n1) + β0 (c1 + λ1m1 + λ2l1) = γ0,

α1 (fN+1 + λ1nN+1) + β1 (cN+2 + λ1mN+2 + λ2lN+2) = γ1,

that is,

(−α0n1 + β0m1) λ1 + (β0l1) λ2 = γ0 + α0f1 − β0c1, (8.10)

(α1nN+1 + β1mN+2) λ1 + (β1lN+2) λ2 = γ1 − α1fN+1 − β1cN+2. (8.11)
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(8.10)–(8.11) have unique solutions λ1 and λ2 if and only if the determinant of the

coefficient matrix does not vanish, that is, if (8.9) holds. 2

Note that (8.9) is independent of the particular choices of l, m and n.

Lemma 5 If n has nonzero first and last entries, and β0 = β1 = 0 (NN boundaries),

then (8.6)–(8.8) have solutions if and only if

1

nN+1

γ1

α1

+
1

n1

γ0

α0

=
fN+1

nN+1

− f1

n1

,

in which case λ1 is unique and λ2 can be chosen arbitrarily, so that there is a one

parameter family of solutions.

Proof: Since n1 and nN+1 are nonzero, (8.10)–(8.11), and consequently (8.7)–(8.8),

are equivalent to

λ1 = − 1

n1

γ0

α0
− f1

n1
, (8.12)

λ1 =
1

nN+1

γ1

α1
− fN+1

nN+1
, (8.13)

in which λ2 does not appear. Consequently, there exist solutions if and only if the

right hand sides of (8.12) and (8.13) agree. 2

8.3 Existence and uniqueness with simple differ-

ence factors

Proposition 14 Let M̆ be as in Lemma 3, and Ğ = G and D̆ = N̆
−1

D, where

N̆ is a nonsingular N × N matrix and G and D are the simple difference matrices

defined in (3.4)–(3.5). Then, (8.6)–(8.8) have unique solutions if and only if

α0β1 + α1β0 6= −β0β1

N+1∑

i=1

N+1∑

j=1

M̆i,j. (8.14)
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Proof: The nullspaces of G and D are the vectors with constant entries. Scale l and

n so that their entries equal 1. (8.9) becomes

α0β1 + α1β0 6= −β0β1 (mN+2 − m1) .

The column sums of G are (−1, 0, 0, . . . , 0, 1). Consequently,

mN+2 − m1 = (−1, 0, 0, . . . , 0, 1)m = n†Gm = n†M̆n

=
N+1∑

i=1

N+1∑

j=1

M̆i,j. 2 (8.15)

For the remainder of the chapter, let Ğ, D̆ and N̆ be as in Proposition 14.

Theorem 4 If β0 = β1 = 0 (NN boundaries), (8.6)–(8.8) have solutions if and only

if

γ1

α1

+
γ0

α0

= −(1, 1, 1, . . . , 1)N̆g,

in which case λ1 is unique and λ2 can be chosen arbitrarily, so that there is a one

parameter family of solutions.

Proof: Set the entries of n equal to 1. The column sums of D are (−1, 0, 0, . . . , 0, 1).

Consequently,

fN+1 − f1 = (1, 1, 1, . . . , 1)Df = −(1, 1, 1, . . . , 1, 1)N̆g.

Use Lemma 5. 2

For the remainder of the chapter, we assume that the sum of the entries of M̆ is

nonzero.
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Theorem 5 (8.6)–(8.8) have unique solutions if and only if the boundary conditions

are DD, DN, or RN, or the boundary conditions are DR or RR and

α1

β1

+
α0

β0

6= −
N+1∑

i=1

N+1∑

j=1

M̆i,j. (8.16)

Proof: The sum of the entries of M̆ being nonzero, the right hand side of (8.14) van-

ishes if and only if β0β1 = 0. A case-by-case study of the combinations of vanishing

and nonvanishing α0, α1, β0 and β1 completes the proof. 2

Proposition 15 Suppose that at least one of the boundaries is Robin and none Neu-

mann, and that (8.16) does not hold. Let f be the particular solution of −Df = N̆g

given by

f i = −
i∑

j=1

(
N̆g
)

j−1
. (8.17)

Then, (8.6)–(8.8) have solutions if and only if

α1

β1

N∑

j=1

(
N̆g
)

j
−

N+1∑

i=1

(
M̆f
)

i
=

γ0

β0

− γ1

β1

,

in which case there is a one parameter family of solutions with fluxes differing by a

constant.

Proof: Set the entries of l and n equal to 1. (8.10)–(8.11) are equivalent to

(−α0 + β0m1) λ1 + β0λ2 = γ0 + α0f1 − β0c1, (8.18)

(α1 + β1mN+2) λ1 + β1λ2 = γ1 − α1fN+1 − β1cN+2. (8.19)

Because β0 and β1 are nonzero, there exists values of λ1 and λ2 such that (8.18)–(8.19)

hold if and only if there exists a λ1 such that

(
α1

β1
+

α0

β0
+ mN+2 − m1

)
λ1 =

α1

β1
fN+1 −

α0

β0
f1 + cN+2 − c1 −

γ1

β1
+

γ0

β0
.
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λ1’s factor vanishes because mN+2 − m1 equals the sum of the entries of M̆ (see

(8.15)) and (8.16) does not hold. Consequently, there exists a one parameter family

of solutions determined by the value of λ1 if

−α1

β1

fN+1 +
α0

β0

f1 − cN+2 + c1 =
γ0

β0

− γ1

β1

,

and no solution otherwise.

Let f be the particular solution of −Df = N̆g given by (8.17). Then,

−α1

β1

fN+1 +
α0

β0

f1 =
α1

β1

N∑

j=1

(
N̆g
)

j
, and

cN+2 − c1 =
N+1∑

i=1

(
M̆f
)

i
. 2

Theorems 4 and 5 imply Theorem 1.
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Chapter 9

Approximation in H
−1 of elements

of L1 by piecewise constants

In this chapter, we show that if g ∈ L1 is identified with an element of H−1, the dual

of H1, in the usual way, and g̃ is the piecewise constant function of its cell averages,

then g̃ converges to g in H−1 as h goes to zero. We also show that if g ∈ L2, g̃

converges to g at least at first order in H−1 norm, and that if the restriction of g to

every grid cell is in H1, g̃ converges to g at least at second order.

[Mar86] and [Sch81] inspired several of the proofs.

9.1 L
1 as a subspace of H

−1

Let ( , ) be the pairing between H−1 and H1. For g ∈ L1 and c ∈ H1, the pairing is

( g, c ) :=

∫ 1

0

gc dx.

Thus, elements of L1 can be regarded as elements of H−1.
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9.2 Piecewise constant interpolants in L1

Let g̃ be the function, constant over each cell, such that

πCg̃ = πCg,

that is,

∫ xi+1

xi

g̃ dx :=

∫ xi+1

xi

g dx, (i = 0, 1, . . . , N − 2, N − 1).

g̃ belongs to L1. (The values of g̃ at the faces, a set of measure zero, are essentially

irrelevant.)

Let

f |x :=

∫ x

x0

g ds, and

s̃|x :=

∫ x

x0

g̃ ds.

f and s̃ are absolutely continuous, with derivatives g and g̃ [Rud87, 71, 141, 145].

s̃ ∈ H
1 because it is piecewise linear. If g ∈ L2 ⊂ L1, then f ∈ H

1.

Lemma 6 s̃ is the linear spline interpolant, with breaks at the faces of f (the linear

spline interpolant with (interpolatory) knots the grid faces [HH91, 230, 234]).

Proof: Because g̃ is piecewise constant, s̃ is a linear spline with the same breaks.

Because the integrals of g̃ over the cells are the same as g’s,

(
s̃|xi+1

− f |xi+1

)
− (s̃|xi

− f |xi
) =

(
s̃|xi+1

− s̃|xi

)
−
(
f |xi+1

− f |xi

)

=

∫ xi+1

xi

g̃ dx −
∫ xi+1

xi

g dx = 0,

so that the face values of s̃ and f differ by a constant. Since s̃ and f agree at x0,

they agree at all faces, and s̃ interpolates f . 2
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9.3 Estimates for g in L1

Let ‖ ‖∞ be the L∞ norm (essential supremum of the absolute value). Also let

|||g|||−1 := sup

{ |( g, c )|
|||c||| : c ∈ H

1, c 6= 0

}

be the standard (operator) norm of H−1.

Lemma 7

lim
h→0

max
i

∫ xi+1

xi

|g̃ − g| dx = 0.

Proof: Let m(S) stand for the Lebesgue measure of the measurable set S. Because

g ∈ L1, it is uniformly integrable; consequently, for every ε > 0 there exists a δ > 0

such that
∣∣∫

S
g dx

∣∣ < ε whenever m(S) < δ [Rud87, 133].

Writing C for [xi, xi+1], let C+ be the subset of C over which g̃ ≥ g, and C− be

the subset over which g̃ < g. Then:

∫

C

|g̃ − g| dx =

∫

C+

g̃ dx −
∫

C+

g dx +

∫

C−

g dx −
∫

C−

g̃ dx.

g̃ being constant over C, with value the average of g over C,

∫

C

|g̃ − g| dx =
m(C+)

m(C)

∫

C

g dx −
∫

C+

g dx +

∫

C−

g dx − m(C−)

m(C)

∫

C

g dx

≤
∣∣∣∣
m(C+)

m(C)
− m(C−)

m(C)

∣∣∣∣
∣∣∣∣
∫

C

g dx

∣∣∣∣+
∣∣∣∣
∫

C+

g dx

∣∣∣∣+
∣∣∣∣
∫

C−

g dx

∣∣∣∣

≤
∣∣∣∣
∫

C

g dx

∣∣∣∣+
∣∣∣∣
∫

C+

g dx

∣∣∣∣+
∣∣∣∣
∫

C−

g dx

∣∣∣∣ .

Provided h < δ,

∫ xi+1

xi

|g̃ − g| dx ≤ 3ε,

since m(C−), m(C+) and m(C) are less than h. 2
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Lemma 8

‖s̃ − f‖∞ ≤ 1

2
max

i

∫ xi+1

xi

|g̃ − g| dx,

which is o(1).

Proof: Suppose that x ∈ [xi, xi+1].

Because
∫ y

xi
|g̃ − g| dx is a continuous function of y and thus attains the average

of its values at xi and xi+1 somewhere on [xi, xi+1], there exists a y ∈ [xi, xi+1] such

that

∫ y

xi

|g̃ − g| dx =
1

2

∫ xi+1

xi

|g̃ − g| dx =

∫ xi+1

y

|g̃ − g| dx.

There are two cases to consider:

x ≤ y case: s̃ and f agree at each xi. Consequently,

s̃|x − f |x = s̃|x − f |x −
(
s̃|xi

− f |xi

)
=

∫ x

xi

(g̃ − g) dx,

so that

| s̃|x − f |x| ≤
∫ x

xi

|g̃ − g| dx =

∫ y

xi

|g̃ − g| dx.

x > y case: Consider the difference between values at x and xi+1.

The result follows from that (the closures of) the cells cover [0, 1]. 2

Lemma 9

|||g̃ − g|||−1 ≤ ‖s̃ − f‖ ≤ ‖s̃ − f‖∞, (9.1)

which is o(1).



Chapter 9. Approximation in H−1 of elements of L1 by piecewise constants 48

Proof: The second inequality follows from that || || ≤ || ||∞ since the unit interval has

unit measure [Rud87, 71].

Let c ∈ H1. Lemma 6 implies that s̃ and f agree at all faces, hence at 0 and 1.

Consequently,

( g̃ − g, c ) =

∫ 1

0

(g̃ − g) c dx =

∫ 1

0

(∂xs̃ − ∂xf) c dx =

∫ 1

0

(s̃ − f) ∂xc dx.

Integration by parts is allowed because H
1 ⊂ AC, products of AC functions are AC,

and integration by parts can be performed on products of AC functions [Rud87, 157].

By the Schwarz Inequality [Rud87, 63],

∣∣∣∣
∫ 1

0

(s̃ − f) ∂xc dx

∣∣∣∣ ≤ ‖s̃ − f‖‖∂xc‖ ≤ ‖s̃ − f‖|||c|||.

The first of (9.1)’s inequalities follows from the definition of ||| |||−1 as an operator

norm. 2

Theorem 6

|||g̃ − g|||−1 ≤ 1

2
max

i

∫ xi+1

xi

|g̃ − g| dx,

which is o(1).

9.4 Estimates for g in L2

Lemma 10 If g ∈ L2, then

‖g̃ − g‖ ≤ ||g||.

Proof: g̃ is orthogonal to g − g̃ in L2 since it is orthogonal over each cell:

∫ xi

xi−1

g̃ (g̃ − g) dx = g̃

{∫ xi

xi−1

g̃ dx −
∫ xi

xi−1

g dx

}
= 0.
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Consequently,

||g||2 = ‖g̃ + (g − g̃)‖2 = ||g̃||2 + ‖g − g̃‖2. 2

Lemma 11 If g ∈ L2, then

‖s̃ − f‖ ≤ 2

π
‖g̃ − g‖h ≤ 2

π
‖g‖h, (9.2)

which is O(h).

Proof: Because s̃−f vanishes at all faces, the Friedrich Inequality [Mar86, 41] implies

that

∫ xi+1

xi

|s̃ − f |2 dx ≤ 4

π2
h2

∫ xi+1

xi

|g̃ − g|2 dx.

Summing over all cells yields (9.2). 2

The factor 2/π in (9.2), which comes from the Friedrich Inequality in a form

making the dependence on the size of the interval explicit, is not best possible; see

[Mar86, 42] for a tighter bound, less convenient because defined implicitly as the

solution of a transcendental equation.

Theorem 7 If g ∈ L2, then

|||g̃ − g|||−1 ≤ 2

π
‖g̃ − g‖h ≤ 2

π
‖g‖h,

which is O(h).

9.5 Estimates for g with cell restrictions in H
1

The following require grids to be aligned with the discontinuities of g.
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Lemma 12 If the restriction of g to every cell is in H1, then

‖s̃ − f‖ ≤
√

2

π
‖∂xg‖h2, (9.3)

which is O(h2).

Proof: g and ∂xg belong to L2 because they are square integrable over every one of

finitely many grid cells which cover the interval. The Poincaré Inequality [Mar86,

37–39], together with the fact that g̃ and g have the same cell averages, imply that

∫ xi+1

xi

|g̃ − g|2 dx ≤ 1

2

(∫ xi+1

xi

(∂xg)2 dx

)
h2.

Summing over all cells, then combining with (9.2), yields (9.3). 2

Theorem 8 If the restriction of g to every cell is in H
1, then

|||g̃ − g|||−1 ≤
√

2

π
‖∂xg‖h2,

which is O(h2).
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Chapter 10

Weak solutions

Throughout this chapter, we assume that κ is positive (almost everywhere), measur-

able, and (essentially) bounded away from zero and infinity.

10.1 The Lax-Milgram Theorem

A bilinear form 〈 , 〉 is coercive on a subspace of a normed linear space if there exists

a (finite) constant K such that the square of the norm of d is bounded by K 〈d, d〉
for every d in the subspace.

The Lax-Milgram Theorem is the standard tool used to define weak formulations.

Theorem 9 (Lax-Milgram)

A continuous and coercive bilinear form on a closed subspace of a Hilbert space

induces an isomorphism between the subspace and its dual [Mar86, 118] [OSY92, 7]

[Trè75, 205].
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10.2 Useful inequalities

We will use the Friedrich Inequality

|||d|||2 ≤
(

1 +
4

π2

)(
(d|0)

2 + (d|1)
2 + ‖∂xd‖2) , (10.1)

which holds for all d ∈ H1 [Mar86, 39–42, 82], the Poincaré Inequality

|||d|||2 ≤ 3

2

((∫ 1

0

d dx

)2

+ ‖∂xd‖2

)
, (10.2)

which holds for all d ∈ H1 [Mar86, 37–39], a version of the Second Korn Inequality

|||d|||2 ≤ 2 ‖∂xd‖2 , (10.3)

which holds for all d ∈ H
1 which vanish at 0 or 1 [OSY92, 19–21] (the factor of 2

comes from a simple argument based on [Mar86, 37–38]), and

||d||∞ ≤ 1√
tanh(1)

|||d|||, (10.4)

an inequality related to the Sobolev Imbedding Theorem, which holds for all d ∈ H1

[Mar86, 26–28]. (The constants in (10.1)–(10.4) are the values for unit intervals of

“geometric constants” which depend continuously on the size of the domain.)
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10.3 Bilinear forms on H
1

Define the following bilinear forms on H
1 [Mar86, 123–124] [OSY92, 34, 37, 40]

[Trè75, 204, 359, 363]:

DD: 〈d, c〉0 :=

∫ 1

0

κ (∂xd) (∂xc) dx,

DR, DN: 〈d, c〉1 :=

∫ 1

0

κ (∂xd) (∂xc) dx +
β1

α1

d|1 c|1 , and

RR, RN, NN: 〈d, c〉2 :=

∫ 1

0

κ (∂xd) (∂xc) dx +
β0

α0

d|0 c|0 +
β1

α1

d|1 c|1 ,

where d|0 (resp. d|1) stands for the value at 0 (resp. 1) of the image of d by the

trace operator on H
1 [Mar86, 32]. The Sobolev Imbedding Theorem, together with

the boundedness of κ, implies that these bilinear forms are continuous [Mar86, 117]

[OSY92, 34] [Trè75, 204].

Because κ is positive and bounded away from zero, 〈 , 〉0 is coercive on

DD: H1
0 = {d ∈ H1 : d|0 = d|1 = 0} by the Friedrich Inequality;

〈 , 〉1 is coercive on

DR: {d ∈ H1 : d|0 = 0} if β1/α1 > 0, by the Friedrich Inequality (or the Second

Korn Inequality), and

DN: {d ∈ H
1 : d|0 = 0} by the Second Korn Inequality;

and 〈 , 〉2 is coercive on

RR: H1 if β0/α0 > 0 and β1/α1 > 0 by the Friedrich Inequality,

RN: H1 if β0/α0 > 0 by the Second Korn Inequality applied to d − d|0, and the

triangle inequality, and
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NN: {d ∈ H1 : d|0 = 0} by the Second Korn Inequality.

Customarily, the “solution space” for NN boundary conditions is the set of func-

tions in H1 which average to zero, a global gauging. (About “gauge,” see [KFB99].)

Gauging using the integral of the temperature over the whole domain instead of

a point value is also more “physical,” since it ties in with a conservation law. To

simplify the treatment, we deviate from this standard practice and “anchor” the

solutions of the Neumann equation by setting their values at the left boundary.

Anchoring Neumann solutions using point values is not always “safe” in higher di-

mensions, where weak solutions may not be continuous: There exist H1 functions

which are discontinuous at every point of an arbitrary countable subset of the unit

disk [Cia88, 340].

10.4 Linear functionals on H
1

Define the following continuous linear functionals on H1 [Mar86, 122–126] [OSY92,

33–39] [Trè75, 202, 359, 363]:

DD: b0(c) := ( g, c ),

DR, DN: b1(c) := ( g, c ) +
γ1

α1

c|1 , and

RR, RN, NN: b2(c) := ( g, c ) +
γ0

α0
c|0 +

γ1

α1
c|1 .

10.5 Existence and uniqueness of weak solutions

Although this thesis concerns itself with source terms in L1, the following theorem

holds for g ∈ H−1 as well.

Theorem 10
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DD: There exists a unique

d ∈ γ0

β0
(1 − x) +

γ1

β1
x + H

1
0 =

{
d ∈ H

1 : d|0 =
γ0

β0
and d|1 =

γ1

β1

}

such that

〈d, c〉0 = b0(c), for all c ∈ H
1
0

[Mar86, 81, 122–123] [OSY92, 33–34] [Trè75, 197, 204–208].

DR, DN: If β1/α1 ≥ 0, there exists a unique

d ∈
{

d ∈ H
1 : d|0 =

γ0

β0

}
(10.5)

such that

〈d, c〉1 = b1(c), for all c ∈
{
c ∈ H

1 : c|0 = 0
}

(10.6)

([OSY92, 38–41] for the DN case).

RN, RR: If β0/α0 > 0 and β1/α1 ≥ 0, there exists a unique

d ∈ H1

such that

〈d, c〉2 = b2(c), for all c ∈ H
1

([Mar86, 122–123] [Trè75, 363–364] for the RR case).

NN: There exists a unique

d ∈
{
d ∈ H

1 : d|0 = 0
}

such that

〈d, c〉2 = b2(c), for all c ∈
{
c ∈ H

1 : c|0 = 0
}

,
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if and only if the Neumann solvability condition (3.14) holds. More generally,

there is a one parameter family of solutions of (10.7), solutions which differ

from each other by constants, if and only if the Neumann solvability condition

holds [Mar86, 124–126] [OSY92, 36–38].

Furthermore, there exists a K < ∞, which depends continuously on ||κ||∞, ||µ||∞, α0,

α1, β0 and β1 (and the domain if the domain is allowed to deviate from [0, 1]) within

each combination of boundary conditions, such that

|||d||| ≤ K
(
|||g|||−1 + |γ0| + |γ1|

)
(10.7)

([Mar86, 123] [OSY92, 33] for the DD case; [OSY92, 39] for the the DN case; [Mar86,

125], or [OSY92, 37] and the Poincaré Inequality, for the NN case; [Mar86, 124] for

the RR case).

Proof: We give details for the DR and DN cases, using [Mar86, 120–122] as a guide.

Let d̂ be the affine function with value γ0/β0 at 0 and 0 at 1. d̂ belongs to H1, and

c 7→ 〈 d̂, c 〉1 = −γ0

β0

∫ 1

0

κ ∂xc dx

defines a continuous linear functional on H1. By the Lax-Milgram Theorem, there

exists a unique d̆ ∈ H1, vanishing at the left boundary, for which

〈 d̆, c 〉1 = b1(c) − 〈 d̂, c 〉1

for all c ∈ H
1 which vanish at the left boundary. Let d = d̂ + d̆. d belongs to H

1 and

obeys (10.5)–(10.6). d is unique because d̆ is. (This also follows from a forthcoming

inequality.) The Second Korn Inequality (10.3), the monotonicity of integration, and

the nonnegativity of β1/α1 imply that

∣∣∣
∣∣∣
∣∣∣d̆
∣∣∣
∣∣∣
∣∣∣
2

≤ 2
∥∥∥∂xd̆

∥∥∥
2

= 2

∫ 1

0

µκ ∂xd̆ dx ≤ 2||µ||∞
∫ 1

0

κ ∂xd̆ dx

≤ 2||µ||∞
{

β1

α1

(
d̆|1
)2

+

∫ 1

0

κ ∂xd̆ dx

}
= 2||µ||∞〈 d̆, d̆ 〉1.
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The definition of the H−1 norm and the “Sobolev” Inequality (10.4) imply that

〈 d̆, d̆ 〉1 = b1(d̆) − 〈 d̂, d̆ 〉1 = ( g, d̆ ) +
γ1

α1

d̆|1 +
γ0

β0

∫ 1

0

κ ∂xd̆ dx

≤
∣∣∣( g, d̆ )

∣∣∣+
∣∣∣∣
γ1

α1

∣∣∣∣
∣∣∣d̆|1
∣∣∣+
∣∣∣∣
γ0

β0

∣∣∣∣ ||κ||∞
∥∥∥∂xd̆

∥∥∥

= |||g|||−1

∣∣∣
∣∣∣
∣∣∣d̆
∣∣∣
∣∣∣
∣∣∣+
∣∣∣∣
γ1

α1

∣∣∣∣
1√

tanh(1)

∣∣∣
∣∣∣
∣∣∣d̆
∣∣∣
∣∣∣
∣∣∣+
∣∣∣∣
γ0

β0

∣∣∣∣ ||κ||∞
∣∣∣
∣∣∣
∣∣∣d̆
∣∣∣
∣∣∣
∣∣∣

so that

∣∣∣
∣∣∣
∣∣∣d̆
∣∣∣
∣∣∣
∣∣∣ ≤ 2||µ||∞

(
|||g|||−1 +

1√
tanh(1)

1

|α1|
|γ1| + ||κ||∞

1

|β0|
|γ0|
)

.

Because

|||d||| ≤
∣∣∣
∣∣∣
∣∣∣d̂
∣∣∣
∣∣∣
∣∣∣+
∣∣∣
∣∣∣
∣∣∣d̆
∣∣∣
∣∣∣
∣∣∣ =

1

|β0|
|γ0| +

∣∣∣
∣∣∣
∣∣∣d̆
∣∣∣
∣∣∣
∣∣∣

by the triangle inequality,

|||d||| ≤ K
(
|||g|||−1 + |γ0| + |γ1|

)
,

where K is finite and depends continuously on ||κ||∞, ||µ||∞ and α1, β0 and β1 (α0 is

zero for DR and DN boundary conditions). 2

This is for [0, 1], but the above bounds vary continuously with the change of

domain. (The Calderón Extension Theorem [Mar86, 36] allows one to make sense of

“changing the domain.”)

Definition 4 d, as defined in Theorem 10, is the weak solution of the Poisson equa-

tion (2.1)–(2.3).
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Chapter 11

Weak solutions are

“quasi-classical”

With source terms in H
−1, we in general do not have that minus derivative of the flux

κ∂xd is the source term g. Assuming the source term to be integrable does however

allow us to talk about flux derivatives [Bos98b].

Lemma 13 Whenever there is a weak solution of the Poisson equation (2.1)–(2.3)

to speak of, the Neumann Solvability Condition holds if the boundaries are NN, the

Robin Solvability Condition holds if the boundaries are not, “quasi-classical” solu-

tions are defined, and the discrete Poisson equation (3.1)–(3.3) can be solved.

Proof: The only conditions on α0, α1, β0 and β1 for which we asserted the existence

of a weak solution, and which do not obviously imply those for which we defined the

“quasi-classical” solutions or proved the solvability of the discrete Poisson equation,

are those for the DR and RR boundaries.

If the boundary conditions are DR and β1/α1 > 0, or the boundary conditions

are RR and β0/α0, β1/α1 > 0, then

α0

β0

+
α1

β1

> 0 > −
∫ 1

0

µ dx.
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Consequently, the Robin solvability condition holds. 2

Lemma 14 The weak solutions are given by the formulas which define the “quasi-

classical solutions.” Consequently, the flux f of the weak solutions is a well defined

absolutely continuous function such that

∂xf = −g a.e., and

µf = ∂xd a.e.

Proof: We omit the details. The main issue is whether we can integrate f∂xc by

parts for c in a suitable subspace of H
1, and obtain

∫ 1

0

f∂xc dx = fc|1 − fc|0 +

∫ 1

0

gc dx. 2
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Chapter 12

The modified Poisson equation

In the remainder of this thesis with the exception of Chapter 15, d refers to a “quasi-

classical” (possibly weak) solution of the Poisson equation (2.1)–(2.3), f refers to its

flux κ∂xd, d refers to the solution of the discrete Poisson equation (3.1)–(3.3) with

g, G, M and D as in Theorem 1, and f refers to its flux M−1Gd.

Lemma 15 If g is piecewise constant, the flux is a continuous piecewise linear func-

tion.

Proof: Piecewise constants are in L1, and for such source terms, weak solutions are

“quasi-classical.” 2

Theorem 11 Suppose that g is constant over each cell. Then, d and f are exact,

that is,

d = πN(d), and

f = πF(f).

Proof: Let e := ∂xd.
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(3.1)–(3.3) follow from

πE(e) = GπN(d) (12.1)

MπF(f) = πE(e) (12.2)

−DπF(f) = πC(g) (12.3)

−α0(πF(f))1 + β0(πN(d))1 = γ0 (12.4)

α1(πF(f))N+1 + β0(πN(d))N+2 = γ1. (12.5)

(12.1) holds because G is exact on AC, (12.2) holds because M is exact on linears

with breaks at the faces and consequently on the exact flux, (12.3) holds because

D is exact on AC, and (12.4)–(12.5) hold because boundary conditions are obeyed

“strongly” by “quasi-classical” solutions. 2

Theorem 11 implies that the discrete system of equations yields the nodal values

of the temperature and the face values of the fluxes of a modified equation, namely the

Poisson equation (2.1)–(2.3) with source term g replaced by g̃, the piecewise constant

function with breaks at the faces with the same cell averages as g. Furthermore, if

g itself is piecewise constant and the grid is “aligned” with the discontinuities of

g—that is, if g is constant over each cell—then the XFVD method computes the

values of the solution at the nodes and the values of the flux at the faces exactly.

In the remainder of this thesis, d̃ and f̃ stand for the temperature and flux of the

modified equation.

Note that the modified equation is independent of the locations of the nodes. The

author believes that this could be used to improve the convergence rate estimates.
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12.1 Temperatures are exact when κ is constant, g

is linear, both boundaries are Dirichlet, and

the grid is uniform

Proposition 16 d is exact if the grid is uniform, κ is constant, g is linear, and

both boundaries are Dirichlet.

Proof: Since the Dirichlet boundaries are obeyed by the exact values of d at the

boundary, all we need to do is show that

−DM−1GπNd = πCg. (12.6)

The solution is classical; consequently, g = −∂xκ∂xd. (12.6) follows from Proposi-

tion 10. 2
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Chapter 13

Stability and convergence of

numerical solutions to weak

solutions

Given that we consider weak solutions, we assume throughout this chapter that κ is

positive, measurable, and bounded away from zero and infinity.

The fact that the computed nodal temperatures and face fluxes are those of the

modified equation allow for particularly straightforward derivations of error esti-

mates.

Let s̃ be the piecewise linear interpolant of f with breaks at the faces. (In the

present context, s̃ is a 1D face element, face elements being Whitney elements of

order one less than the dimension of “ambient space” [Bos98a, 139].)
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13.1 Temperatures and fluxes converge in max

norm

Theorem 12

max
j

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ ≤ 1√
tanh(1)

∣∣∣
∣∣∣
∣∣∣d̃ − d

∣∣∣
∣∣∣
∣∣∣ ≤ K

1

2
√

tanh(1)
M , (13.1)

where K < ∞ is as in Theorem 10, and

M := max
i

∫ xi+1

xi

|g̃ − g| dx. (13.2)

The face values of f̃ differ from those of f by a constant—call it C. C vanishes, and

consequently f is exact, if (at least) one of the boundaries is Neumann. Otherwise,

C = −
(∫ 1

0

µ dx +
α0

β0
+

α1

β1

)−1(∫ 1

0

µ (s̃ − f) dx

)
, (13.3)

so that

|C| = max
i

∣∣f i+1 − f |xi

∣∣ ≤ 1

2

∣∣∣∣
∫ 1

0

µ dx +
α1

β1

+
α0

β0

∣∣∣∣
−1

‖µ‖1 M . (13.4)

(
∫ 1

0
µ dx + α1/β1 + α0/β0 does not vanish because the Robin solvability condition

holds.)

Since, by Lemma 7, limh→0 M = 0, the method converges. Furthermore, the

XFVD method is stable, within each combination of boundary conditions, with respect

to changes in the source term, the boundary conditions (and the positions of the

endpoints of the domain).

Proof: d being the vector of nodal values of d̃, the solution of the modified equation,

the maximum in the left hand side of (13.1) is taken over the nodal values of d̃ − d,
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which is the solution of the Poisson equation with source term g̃−g and γ0 = γ1 = 0.

Inequality (10.7) implies that

|||d̃ − d||| ≤ K|||g̃ − g|||−1.

Inequality (13.1) follows from the “Sobolev” Inequality (10.4) and Theorem 6.

Arguing as in the proof of Lemma 6, we see that the face values of f̃ and f differ

by a constant—call it C. If at least one of the boundaries is Neumann, then f and

f̃ agree at a boundary face, hence at all faces, and consequently C = 0. Otherwise,

β0, β1 6= 0, and

−α0

β0

(
f̃ − f

)∣∣∣
0
+
(
d̃ − d

)∣∣∣
0

= 0, (13.5)

α1

β1

(
f̃ − f

)∣∣∣
1
+
(
d̃ − d

)∣∣∣
1

= 0. (13.6)

Subtracting (13.5) from (13.6), and noting that f̃ = s̃ + C since s̃ interpolates f at

the faces, we obtain that

−
(

α1

β1

+
α0

β0

)
C =

(
d̃ − d

)∣∣∣
1
−
(
d̃ − d

)∣∣∣
0

=

∫ 1

0

(
∂xd̃ − ∂xd

)
dx

=

∫ 1

0

µ
(
f̃ − f

)
dx = C

∫ 1

0

µ dx +

∫ 1

0

µ (s̃ − f) dx,

so that (13.3) holds. Consequently,

|C| ≤
∣∣∣∣
∫ 1

0

µ dx +
α1

β1

+
α0

β0

∣∣∣∣
−1

‖µ‖1 ‖s̃ − f‖∞ ,

from which (13.4) follows by Lemma 8.

The continuous dependence of the key factors in inequalities (13.1) and (13.4)

on the parameters of the Poisson equation, together with ‖g̃ − g‖ ≤ ||g||, implies

stability. 2
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13.2 Temperatures and fluxes converge at least at

first order in max norm for g in L2

Theorem 13 Suppose that g belongs to L2. Then,

max
j

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ ≤ 1√
tanh(1)

∣∣∣
∣∣∣
∣∣∣d̃ − d

∣∣∣
∣∣∣
∣∣∣

≤ K
2

π
√

tanh(1)
‖g̃ − g‖h, (13.7)

which is O(h), and the face values of f̃ differ from those of f by a constant—call it

C. This constant error vanishes if one of the boundaries is Neumann. Otherwise,

|C| = max
i

∣∣f i+1 − f |xi

∣∣ ≤ 2

π

∣∣∣∣
∫ 1

0

µ dx +
α1

β1

+
α0

β0

∣∣∣∣
−1

‖µ‖‖g̃ − g‖h, (13.8)

which is O(h).

Proof: (13.7) follows from bounding |||g̃ − g|||−1 using Theorem 7. (13.8) follows from

bounding
∣∣∣
∫ 1

0
µ (s̃ − f) dx

∣∣∣ by ‖µ‖‖s̃ − f‖, and then using Lemma 11. 2

13.3 Temperatures and fluxes converge at least at

second order in max norm when the restric-

tion of the source term to every cell is in H
1

Theorem 14 Suppose that the source term g is piecewise H1 with breaks at the faces,

that is, suppose that the restriction of g to every cell is in H1 (so that g has a finite

number of jumps). Then,

max
j

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ ≤ 1√
tanh(1)

∣∣∣
∣∣∣
∣∣∣d̃ − d

∣∣∣
∣∣∣
∣∣∣ ≤ K

√
2

π
√

tanh(1)
‖∂xg‖h2,
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which is O(h2), and the face values of f̃ differ from those of f by a constant—call it

C. This constant error vanishes if one of the boundaries is Neumann. Otherwise,

|C| = max
i

∣∣f i+1 − f |xi

∣∣ ≤
√

2

π

∣∣∣∣
∫ 1

0

µ dx +
α1

β1

+
α0

β0

∣∣∣∣
−1

‖µ‖‖∂xg‖h2,

which is O(h2).

Proof: Theorem 8 and Lemma 12. 2
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Chapter 14

Stability and convergence of

numerical solutions to

“quasi-classical” solutions

In the last chapter we established convergence rate for (standard) weak solutions,

which are “quasi-classical.” The error estimates derived for the fluxes in the last

chapter are easily seen to apply to “quasi-classical” solutions (weak or not). In

this chapter, we derive error estimates for the temperatures in the “quasi-classical”

context. Correspondingly, we assume that µ is positive (almost everywhere) and inte-

grable, and that the Neumann—for NN—and Robin—for DR and RR boundaries—

solvability conditions hold, so that “quasi-classical” solutions exist.
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14.1 For µ ≥ 0, temperatures and fluxes converge

in max norm if µ, g ∈ L1, at least at first order

if µ, g ∈ L2, and at least second order if, in

addition, the restriction of g to every cell is

in H
1

Theorem 15

max
j

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ ≤ (1 + D + E)

∫ 1

0

µ |s̃ − f | dx, (14.1)

where

D =





∣∣∣α0

β0

∣∣∣
∣∣∣
∫ 1

0
µ dx + α1

β1
+ α0

β0

∣∣∣
−1

for RR boundaries,

0, otherwise,

E =





0, for DN, RN and NN boundaries,(∫ 1

0
µ dx

) ∣∣∣
∫ 1

0
µ dx + α1

β1
+ α0

β0

∣∣∣
−1

, otherwise.

Because

∫ 1

0

µ |s̃ − f | dx ≤





1
2
‖µ‖1M , which is o(1) for µ, g ∈ L1,

2
π
‖µ‖‖g̃ − g‖h, which is O(h) for µ, g ∈ L2,

√
2

π
‖µ‖‖∂xg‖h2, which is O(h2) for µ ∈ L2 and

g with cell restrictions in H1,

where M is given by (13.2), the computed point values and fluxes converge in max

norm to the “quasi-classical” solution’s if µ and g are integrable, converge at first

order if µ and g are square integrable, and converge at second order if µ is square

integrable and g has cell restrictions which belong to H1.
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Proof: As before, let d̃ be the solution of the modified problem, etc. Absolute

continuity implies that

(
d̃ − d

)∣∣∣
x

=
(
d̃ − d

)∣∣∣
0
+

∫ x

0

µ
(
f̃ − f

)
ds =

α0

β0

C +

∫ x

0

µ (C + s̃ − f) ds

=
α0

β0

C + Cx +

∫ x

0

µ (s̃ − f) ds

which implies (14.1). 2

14.2 Fluxes are exact when the grid is symmetric

and the source term and diffusion coefficient

are even

Proposition 17 Suppose that, with respect to the midpoint of the interval, the grid

is symmetric, and that the source term g and diffusion coefficient κ are even. Then,

solutions of (8.6)–(8.8) have exact fluxes for all boundary conditions.

Proof: Because g is even (about the midpoint of the interval), f − τ is odd for some

constant τ (equal to the value of f at the midpoint of the interval). Because the grid

is symmetric about the midpoint of the domain, s̃ − τ is odd. Consequently, s̃ − f

is odd, and so is µ (s̃ − f). The last factor in (13.3) consequently vanishes, so that

C = 0. 2
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Chapter 15

Discretizations of −∂xκ∂x with like

range and domain projections

15.1 The projections mismatch

Discretizations of −∂xκ∂x constructed by way of diagram (6.1) use different projec-

tions for the domain and range: The domain of −∂xκ∂x is discretized using nodal

(point) values; its range, cell integrals. When solving the unsteady diffusion equation

by, say, the method of lines, this discrepancy is a nuisance.

Because −∂x (κ∂xd) has a two dimensional nullspace (when the domain is not

periodic), and correspondingly its (“node to cell”) discretization −DM−1G is not a

square matrix, it is neither possible nor desirable to exactly match the domain and

range of the discretization: the two boundary nodes contribute two extra unknowns

domain-wise. Without introducing altogether new projections, there are two main

options:

Nodal values to nodal values: Use nodal values for the range of the discretiza-

tion of −∂xκ∂x as well as its domain [Rob96, 270];
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Cell integrals to cell integrals: (Equivalently, cell averages to cell averages.)

Use cell integrals for the “interior” part of the domain of the discretization of

−∂xκ∂x, as well as its range. (In order to keep the boundary conditions accurate

and clean, it is preferable to keep the boundary nodal projections.)

Whether changing the domain or range of the discretization, what needs to be

done is convert point values to integrals, in effect approximating the Hodge star

operator which maps 0-forms to 1-forms [Rob96, 270]. This is also what the matrix

M does, but only in 1D: On n-manifolds, M is a discrete approximation of the

correspondence between (n − 1)-forms (n − 1 = 0 when n = 1) and 1-forms [Rob96,

270] [Rob97b, 7–8, 10], whence the mapping which matches the domain and range

of the discretization of −∇·κ∇ maps 0-forms to n-forms.

15.2 Approximating cell averages with nodal val-

ues, and vice versa

The simplest way of converting a nodal value to a cell integral (or vice versa) is by

multiplying (dividing) it by the length of the corresponding cell. This is equivalent

to identifying nodal values with cell averages. The proof of the following result is

inspired by [Sch81, 212–213].

Lemma 16 For d ∈ H
1 and xj−1/2 ≤ x∗

j ≤ xj+1/2, (xj−1/2 6= xj+1/2).

∣∣∣∣∣d|x∗

j
− 1

hj

∫ xj+1/2

xj−1/2

d dx

∣∣∣∣∣ ≤ h
1/2
j

(∫ xj+1/2

xj−1/2

(∂xd)2 dx

)1/2

= o(h1/2). (15.1)

Proof: Because

d|x∗

j
=

1

hj

∫ xj+1/2

xj−1/2

d|x∗

j
dx,
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the left hand side of (15.1) is bounded by

1

hj

∫ xj+1/2

xj−1/2

∣∣∣d|x − d|x∗

j

∣∣∣ dx.

Because d is AC,

∣∣∣d|x − d|x∗

j

∣∣∣ =

∣∣∣∣∣

∫ x

x∗

j

∂sd ds

∣∣∣∣∣ ≤
∫ xj+1/2

xj−1/2

|∂sd| ds

≤ (hj)
1/2

(∫ xj+1/2

xj−1/2

|∂xd|2 dx

)1/2

by Hölder’s Inequality [Rud87, 63] [Sch81, 213]. Integrating again yields the first

part of (15.1). o(h1/2) follows from the uniform integrability of (∂xd)2 [Rud87, 133].

2

Lemma 17 If, in addition, d is continuously differentiable over [xj−1/2, xj+1/2], then

∣∣∣∣∣d|x∗

j
− 1

hj

∫ xj+1/2

xj−1/2

d dx

∣∣∣∣∣ ≤ 3

4
Mjhj = O(h), (15.2)

where

Mj = sup
{
|∂xd|x| : xj−1/2 < x < xj+1/2

}
.

Proof: This is a straightforward application of the Peano Kernel Theorem [Pow81,

271]. Consider the bounded (in L∞ operator norm) linear functional

l(d) := d|x∗

j
− 1

hj

∫ xj+1/2

xj−1/2

d dx

on the space of functions with bounded variation over the interval [xj−1/2, xj+1/2].

The corresponding Peano kernel is

k =





1
hj

(
s − xj+1/2

)
, (s < x∗

j),

1 + 1
hj

(
s − xj+1/2

)
, (s ≥ x∗

j).
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l annihilates constants. Consequently,

l(d) =

∫ xj+1/2

xj−1/2

k∂sd ds,

and the left hand side of (15.2) is bounded by

∫ xj+1/2

xj−1/2

|k∂sd| ds ≤ Mj

∫ xj+1/2

xj−1/2

|k| ds = Mj
1

2hj

(
(h−

j )2 + 4h−
j h+

j + (h+
j )2
)
.

For hj fixed, the largest possible value of (h−
j )2 +4h−

j h+
j +(h+

j )2 occurs for h−
j = h+

j .

2

Lemma 18 If, in addition, d is twice continuously differentiable over [xj−1/2, xj+1/2],

and x∗
j is at the center of the cell, then

∣∣∣∣∣d|x∗

j
− 1

hj

∫ xj+1/2

xj−1/2

d dx

∣∣∣∣∣ ≤ 7

24
M2

j h2
j = O(h2). (15.3)

Proof: The corresponding Peano kernel is

k =





− 1
2hj

(
s − xj+1/2

)2
, (s < x∗

j),(
x∗

j − s
)
− 1

2hj

(
s − xj+1/2

)2
, (s ≥ x∗

j).

With x∗
j located at the center of the cell, l annihilates affine functions. Consequently,

l(d) =

∫ xj+1/2

xj−1/2

k (∂sd)2 ds,

and the left hand side of (15.3) is bounded by

∫ xj+1/2

xj−1/2

∣∣k (∂sd)2
∣∣ ds ≤ M 2

j

∫ xj+1/2

xj−1/2

|k| ds =
7

24
M2

j h2
j . 2
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15.3 Nodal values to nodal values discretizations

of −∂xκ∂x

This yields discretizations using point values for all quantities associated with the

domain and range of −∂xκ∂x, as in standard finite difference methods. The corre-

sponding discretization of −∂xκ∂x is the matrix L given in (3.11), which is equal

to the inverse of the diagonal matrix of cell lengths (the matrix N shown in (3.10))

times the “node to cell” discretization −DM−1G. The “node to node” discretization

of the Poisson equation is

−N−1DM−1Gd = g, (15.4)

−α0(M
−1Gd)1 + β0d1 = γ0, (|α0| + |β0| 6= 0), (15.5)

α1(M
−1Gd)N+1 + β1dN+2 = γ1, (|α1| + |β1| 6= 0). (15.6)

Compare with (3.1)–(3.3), which use the “node to cell” discretization of −∂xκ∂x. The

two boundary equations are unchanged. Thus, solving (15.4)–(15.6) can be done by

replacing g in (3.1) by Ng, the latter g being the vector of point values of the source

term at the interior nodes, and then solving (3.1)–(3.3) as usual.

A first drawback of the “node to node” option is that even if the source term

satisfies the (continuum) Neumann solvability condition (3.14), the “nodal point val-

ues times cell lengths” g may not satisfy the discrete Neumann solvability condition

since the sum of the point values of the source term g times the cell lengths only

approximately equals the integral of g over the domain (see Theorems 1, 4, and 5).

One could “normalize” g so that it obeys the discrete Neumann solvability condition,

or change the boundary conditions to suit g, but this introduces errors. (Things are

fine with the other combinations of boundary conditions.)

A second drawback of the “node to node” option is that using point values of

the source term pretty much guarantees that only source terms with discontinuities

aligned with the grid are handled accurately.
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15.4 Cell integrals to cell integrals discretizations

of −∂xκ∂x

Let N̂ be the following (N + 2) × (N + 2) diagonal matrix:

N̂ :=




1

h1/2

h3/2

. . .

hN+1/2

1




. (15.7)

N̂ is the matrix representation of an operator which converts interior nodal values

to cell integrals, leaving the boundary values untouched. In terms of N̂, the “cell to

cell” discretization of −∂xκ∂x is −DM−1GN̂
−1

, and the corresponding discretization

of the Poisson equation is

−DM−1GdN̂
−1

= g,

−α0(M
−1Gd)1 + β0d1 = γ0, (|α0| + |β0| 6= 0),

α1(M
−1Gd)N+1 + β1dN+2 = γ1, (|α1| + |β1| 6= 0).

Changing the projection in the interior of the domain does not affect the Neumann

and Robin solvability conditions. Theorem 1 thus ensures that the discrete Poisson

equation is solvable when the continuum Poisson equation is.

If, instead of cell integrals, one uses cell averages, the discrete Poisson equation

is exactly (15.4)–(15.6) with g (resp. d) understood to contain cell averages of the

source term (resp., for interior indices, cell averages of the temperature). Although

the equations are the same as for node to node discretizations, the different inter-

pretations of the entries of g and d imply quite different properties. For one thing,
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Neumann boundaries cause no problem when the entries of g are understood to be

cell averages, because the sum of the cell lengths times the averages of g is exactly

its integral over the domain.

Solving the Poisson equation using either “cell to cell” (integrals or averages)

discretizations of −∂xκ∂x produces results almost as good as when using the “node

to cell” discretization. The solutions of the corresponding linear system have the

exact same fluxes and temperatures (appropriately understood, in the case of the

temperature, as averages) as those computed with the “node to cell” discretization.

Consequently the convergence rates (to weak solutions) given in Chapter 13 for the

fluxes apply as well to the cell to cell discretizations.

By Lemma 16, identifying the nodal values of an H1 function with its cell averages

introduces o(h1/2) temperature errors. Consequently, using cell averages to discretize

the domain of −∂xκ∂x, we preserve the convergence (in max norm) for source terms

in L1, and lose one half order (in max norm) for source terms in L2. Requiring,

in addition, that the temperature have continuously differentiable cell restrictions

guarantees at least first order convergence of the temperature for source terms in

L2 (by Lemma 17), and twice continuously differentiable cell restrictions guarantees

at least second order convergence in max norm of the temperature for source terms

with cell restrictions in H1 (by Lemma 18).

The numerical tests in this thesis only report on the “node to cell” discretization.

A comparison of the three variants’ errors for a variety of source terms and diffusion

coefficients would be interesting.
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Chapter 16

Comparative numerical tests

This chapter’s tests are taken from the literature.

16.1 Poisson equation with continuous piecewise

linear source term and constant diffusion co-

efficient, solved on uniform grids with a face

at the source term derivative discontinuity

This numerical test is due to S. Bertoluzza [Ber97, 125–126]. The Poisson equation

(2.1)–(2.3) is solved on the interval [0, 1]. The diffusion coefficient κ is the constant

1. The source term is

g|x =





−2x, (0 ≤ x ≤ 1
2
),

−1, (1
2
≤ x ≤ 1).
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The boundary conditions are set so that the C2 piecewise cubic temperature profile

is

d|x =





1
3
x3, (0 ≤ x ≤ 1

2
),

1
2
x2 − 1

4
x + 1

24
, (1

2
≤ x ≤ 1),

with values of α0, α1, β0 and β1 given in (3.16)–(3.21). Uniform grids are used, all

with a face at the source term derivative discontinuity.

16.1.1 Results with Bertoluzza’s wavelet collocation

method, and standards spectral and linear finite ele-

ment methods

[Ber97] concerns itself primarily with an adaptive wavelet method. Because the

present thesis describes a nonadaptive version of the XFVD scheme, we only discuss

the results with the nonadaptive version of Bertoluzza’s scheme, and with a “piece-

wise linear finite elements on a uniform discretization in which the point x = .5 is

a node (so that the singularity is treated in an optimal way), and ... by spectral

methods” [Ber97, 126], results which Bertoluzza provides for comparison.

The graph on page 127 of [Ber97] shows second order convergence of the tem-

peratures in “L2” for the wavelet, finite element, and spectral methods, with least

errors obtained with the wavelet method.

16.1.2 Results with the XFVD scheme

Because the grid is uniform and the diffusion coefficient is constant, M is given by

(3.9). As seen in Table 14.1, the temperatures converge in max norm at second

order for all boundary conditions, and the fluxes are exact when at least one of the

boundaries is Neumann and otherwise converge, in max norm, at second order.
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Table 16.1: Poisson equation with constant diffusion coefficient and continuous piece-
wise linear source term solved on uniform grids with a face at the source term deriva-
tive discontinuity.

N maxj

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ maxi

∣∣f i+1 − f |xi

∣∣

DD: 64 1.00E−5 2.03E−5

128 2.52E−6 5.09E−6

DR: 64 1.52E−5 1.02E−5

128 3.80E−6 2.54E−6

DN=RN=NN: 64 2.03E−5 0

128 5.09E−6 0

RR: 64 1.02E−5 5.09E−6

128 2.54E−6 1.27E−6

16.1.3 Comparison

For DD boundary conditions and 64 degrees of freedom, the “L2” norms of the

temperature errors are approximately 6E−6 with the wavelet collocation method,

2E−5 with a spectral method, and 2E−4 with linear finite elements, while the L2

norm of the piecewise constant interpolant of the point values of the XFVD error is

5.87E−6, about the same as with wavelets. Max norm errors, flux errors, and errors

for other boundary conditions, are not given in [Ber97].
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16.2 Poisson equation with constant source term

and piecewise constant diffusion coefficient

solved on uniform grids with and without

grid points at the discontinuity

This numerical test is due to R. J. Mackinnon and G. F. Carey [MC88, 161]. The

Poisson equation (2.1)–(2.3) is solved on the interval [0, 1]. The source term g is set

to the constant 1. The piecewise constant diffusion coefficient κ is set to κ̌ = 1/10

on [0, 1/2), κ̂ on (1/2, 1]; to compare the effects of different jump sizes, two values of

κ̂ are used in the tests: κ̂ = 1, and κ̂ = 10. The boundary conditions are set so that

the temperature is

d|x =





−1
2
µ̌x2 + 1

4
(µ̌ + 3µ̂) κ̂

κ̌+κ̂
x, (0 ≤ x ≤ 1

2
),

−1
2
µ̂x2 + 1

4
(µ̌ + 3µ̂) κ̌

κ̌+κ̂
(x − 1) + 1

2
µ̂, (1

2
≤ x ≤ 1).

(µ̌ := 1/κ̌, µ̂ := 1/κ̂.)

16.2.1 Results with Mackinnon and Carey’s Finite Differ-

ence scheme with “source term correction,” and stan-

dard Finite Difference schemes using harmonic, geo-

metric and arithmetic averaging of the diffusion co-

efficient

Because the temperature is piecewise quadratic, Mackinnon and Carey’s Finite Dif-

ference scheme with “source term correction” yields exact temperatures and fluxes,

whether or not there is a node at the jump in κ, and whether or not the grid is

uniform. Although only uniform grids are discussed, it is clear from the construction



Chapter 16. Comparative numerical tests 82

that would also hold if the grids were not uniform and the discontinuities were not

found halfway between two nodes.

Mackinnon and Carey also report errors for standard finite difference schemes

which use harmonic, geometric and arithmetic averaging of κ—and no “source term

correction.” The temperatures converge in max norm at second order if harmonic

averaging is used, first order otherwise. Flux errors are only reported for the stan-

dard scheme using harmonic averaging: the “L2” error is seen to converge at order

3/2 (this is also the “L2” convergence rate of the scheme with source term correc-

tion) [MC88, 161–163]. Results for boundary conditions other than Dirichlet are

not given; however, the schemes should perform analogously with local high order

discretizations of Neumann and Robin boundary conditions.

16.2.2 Results with the XFVD scheme

When the source term g is constant, as is the case here, the XFVD scheme yields

exact temperatures and fluxes for all boundary conditions, whether or not there is a

node or face at the material discontinuity, and whether or not the grid is uniform.

16.2.3 Comparison

Although for different reasons—exactness for quadratic temperature profiles on the

one hand, exactness for constant source terms on the other—both Mackinnon and

Carey’s Finite Difference scheme with “source term correction” and the XFVD

scheme yield exact temperatures and fluxes.

The standard “non source term corrected” Finite Difference schemes tested by

Mackinnon and Carey have temperatures which only converge at first order, except

for the one which uses harmonic averaging of κ, which converges at second order,

and which has fluxes which converge at order 3/2 in “L2” norm.
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16.3 Poisson equation with transcendental source

term and quartic diffusion coefficient solved

on “smooth” and non-smooth grids

This numerical test is due to M. Shashkov [Sha96, 84, 87–88]. The Poisson equation

(2.1)–(2.3) is solved on the interval [0, 1]. The diffusion coefficient is

κ|x = 1 + x4

and the source term is

g|x = 4π
(
π(1 + x4) sin(2πx) − 2x3 cos(2πx)

)
.

The boundary conditions are set so that the solution is

d|x = sin(2πx),

with values of α0, α1, β0 and β1 given in (3.16)–(3.21), except that for RR boundaries

α0 is set to 1 instead of 2.

The “smooth” grid is obtained by placing the faces at

xi =

(
i

N

)2

, i = 0, 1, 2, . . . , N ,

and the nodes at the midpoints of the corresponding cells. The quotes around

“smooth” are for two reasons:

• The mapping which defines the face positions has a vanishing derivative at the

left boundary, and consequently does not define a diffeomorphism; and

• The nodes are placed at the centers of the cells instead of at the mapped

positions of the nodes of a uniform grid.
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The nonsmooth grid is obtained by placing the faces at

x0 = 0,

xi =

(
i +

(−1)i

4

)
1

N
, i = 1, 2, 3, . . . , N − 1,

xN = 1,

and the interior nodes at the midpoints of the cells, so that the lengths of cells which

do not touch the boundary alternate between 3/(2N) an 1/(2N), and the interior

nodes are equidistant.

16.3.1 Results with Shashkov’s Support Operator Method

schemes

Shashkov only presents results for DD and RR boundaries. Two schemes, derived

with the Support Operator Method, are tested: an “N-C” (“node-cell”) scheme, and

a “C-N” (“cell-node”) scheme. In the case of the RR boundaries, two versions of

the N-C scheme are tested in addition to the C-N scheme: one with a “first order

approximation” of the Robin boundary conditions, the other with a “second order

approximation.” No flux errors are given. The “first order approximation” N-C

scheme only converges at first order; we will not discuss this scheme any further.

The C-N and (second order approximation) N-C schemes converge in max norm at

second order for both sets of boundary conditions. The N-C scheme performs better

than the C-N scheme for DD boundaries, worse for the RR boundaries [Sha96, 86,

88–91, 104–107].

16.3.2 Results with the XFVD scheme

As seen in Table 14.2, the temperatures converge in max norm at second order for

all grids and boundary conditions, and the fluxes are exact when at least one of the
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Table 16.2: Poisson equation with quartic diffusion coefficient and transcendental
source term solved on “smooth” and nonsmooth grids.

N maxj

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ maxi

∣∣f i+1 − f |xi

∣∣

“smooth” nonsmooth “smooth” nonsmooth

grid grid grid grid

DD: 64 1.65E−3 1.72E−3 2.48E−3 1.32E−3

128 4.14E−4 4.32E−4 6.19E−4 3.18E−4

DR: 64 2.65E−3 1.53E−3 1.15E−3 6.11E−4

128 6.66E−4 3.86E−4 2.87E−4 1.48E−4

DN=RN=NN: 64 3.54E−3 1.75E−3 0 0

128 8.86E−4 4.33E−4 0 0

RR: 64 2.21E−3 1.87E−3 7.49E−4 3.98E−4

128 5.55E−4 4.68E−4 1.87E−4 9.61E−5

boundaries is Neumann and otherwise converge, in max norm, at second order.

16.3.3 Comparison

The temperatures converge in max norm at second order with all three schemes.

For DD boundary conditions, the smallest max norm of the temperature error is

obtained with the XFVD scheme for the “smooth” grid, and with the N-C scheme

for the nonsmooth grid. The max errors are about the same for the three schemes:

For the 128 cell “smooth” grid, the max norm errors are 4.85E−4, 4.36E−4, and

4.14E−4 for the C-N, N-C and XFVD schemes respectively, 5.43E−4, 3.88E−4 and

4.32E−4 for the nonsmooth grid. For RR boundary conditions, the least max error

are obtained with the XFVD scheme. For a 128 cell “smooth” grid, the max norm

errors are 2.49E−3, 5.80E−3, and 5.55E−4 for the C-N, N-C and XFVD schemes

respectively, 1.20E−3, 1.57E−3 and 4.68E−4 for the nonsmooth grid. Flux errors,
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and errors for other boundary conditions, are not given in [Sha96].

This test was also used with a prototype of the XFVD method, different only

in that a piecewise constant diffusion coefficient, set to the values of 1 + x4 at the

nodes, was used to compute the M matrix [Rob97b, 67–69]. On this test problem, the

prototype—which only uses nodal values of the diffusion coefficient, instead of cell

moments—performed better than its successor (note however that NN boundaries

were not tested)! For the “smooth” grid with 64 cells, DD and RR temperature

errors were 2.9E−3, ND and NR temperature errors were 2.9E−3, DD and RR flux

errors, 3.3E−7, and the ND and NR fluxes were exact. For the nonsmooth grid with

64 cells, DD and RR temperature errors were 1.4E−3, ND and NR temperature

errors, 1.5E−3, DD flux errors, 8.9E−5, RR flux errors, 3.0E−5, the ND and NR

fluxes were exact.

16.4 Poisson equation with quadratic source term

and constant diffusion coefficient solved on

uniform grids

This numerical test is due to M. E. Rose [Ros89, 264, 268]. The Poisson equation

(2.1)–(2.3) is solved on the uniformly gridded interval [−1, 1]. The diffusion coeffi-

cient is the constant 1. The source term is

g|x = 2(6x2 − 1).

The boundary conditions are set so that the solution is

d|x = x2(1 − x)2,

with the values of α0, α1, β0 and β1 given in (3.16)–(3.21).
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Table 16.3: Poisson equation with quadratic source term and constant diffusion
coefficient solved on uniform grids.

N maxj

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ maxi

∣∣f i+1 − f |xi

∣∣

DD=DR=DN=RN=NN=RR: 96 4.34E−4 0

192 1.09E−4 0

16.4.1 Results with Rose’s Finite Volume compact differ-

ences

Rose tests a Finite Volume compact differencing scheme. The max norms of the

pointwise errors are not given. For DD boundaries—the only boundary conditions

for which errors are reported—the temperatures and fluxes converge to their exact

values at second order with respect to the L2 norm, over (−1, 1) in the case of the

temperature and (−(1+h/2), 1+h/2), with h the uniform grid size, in the case of the

flux, of the piecewise constant “interpolant” of the pointwise error. Rose remarks

that more general boundary conditions involving both d and the fluxes lead to the

same conclusions, namely second order convergence in the mean of the temperature

and flux [Ros89, 268].

16.4.2 Results with the XFVD scheme

Because the grid is uniform and the diffusion coefficient is constant, M is given by

(3.9). Because the grid is symmetric with respect to its midpoint, and the source term

and diffusion coefficient are even, the fluxes are exact for all boundary conditions, and

consequently the solutions are the same (to within roundoff error) for all boundary

conditions. As seen in Table 14.3, the temperatures converge, in max norm, at second

order.
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16.4.3 Comparison

The XFVD scheme produces exact fluxes on this test equation; Rose’s Finite Volume

scheme produces fluxes which converge at second order “in the mean.” The XFVD

scheme yields temperature errors which converge at second order both in max norm

and the “L2” norm used by Rose. However, the “L2” norms of the temperature error

are approximately eight times larger with the XFVD scheme than with Rose’s Finite

Volume scheme (in the DD case, the only one for which Rose reports error norms);

for N = 192, the “L2” norm of the temperature error is 1.12E−4 with the XFVD

scheme, 1.36E−5 with Rose’s scheme.

16.5 Poisson equation with quadratic source term

and constant diffusion coefficient solved on

uniform grids

This numerical test is due to R. Li, Z. Chen and W. Wu [LCW00, 87–88]. The

Poisson equation (2.1)–(2.3) is solved on the interval [0, π]. The diffusion coefficient

is the constant 1. The source term is

g|x = x2.

The boundary conditions are set so that the temperature profile is

d|x =
1

3
π3x − 1

12
x4.

with values of α0, α1, β0 and β1 given in (3.16)–(3.21). The grids are uniform.
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16.5.1 Results with Li, Chen and Wu’s generalized differ-

ence methods, and standard finite difference and fi-

nite element methods

Li, Chen and Wu compare three “generalized difference methods” (GD1, GD2 and

GD3) with a standard cubic finite element method (FE) and a standard finite dif-

ference method (FD). Li, Chen and Wu only report errors for the DN boundary

conditions. The densest grid for which errors are reported has 17 nodes: the values

of the temperatures at eight of the nodes are given, so that the max norms of the

temperature error can be estimated to be 9.51E−2 for the FD, 1.56E−2 for the GD1,

3.74E−3 for the GD2, 1E−5 for the GD3, and 1E−5 for the FE method. The data

suggests that the FD, GD1 and GD2 methods converge at second order, the GD3

and FE methods, at third order.

16.5.2 Results with the XFVD scheme

Because the grid is uniform and the diffusion coefficient is constant, M is given by

(3.9). As seen in Table 14.4, the temperatures converge in max norm at second

order for all boundary conditions, and the fluxes are exact when at least one of the

boundaries is Neumann and otherwise converge in max norm at second order.

16.5.3 Comparison

The FE and GD3 methods converge at third order, the FD, GD1, GD2 and XFVD

methods converge at second order. For DN boundaries, the temperature errors with

the XFVD method are larger than with all the other methods except the FD method.

Note however that the XFVD solutions are almost certainly the cheapest to compute.

Flux errors, and errors for other boundary conditions, are not given in [LCW00].
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Table 16.4: Poisson equation with quadratic source term and constant diffusion
coefficient solved on uniform grids.

N maxj

∣∣∣dj+3/2 − d|x∗

j

∣∣∣ maxi

∣∣f i+1 − f |xi

∣∣

DD: 16 7.87E−3 1.01E−2

32 1.98E−3 2.52E−3

64 4.95E−4 6.31E−4

DR: 16 7.66E−3 7.66E−3

32 1.91E−3 1.91E−3

64 4.79E−4 4.79E−4

DN=RN=NN: 16 3.17E−2 0

32 7.93E−3 0

64 1.98E−3 0

RR: 16 1.24E−2 5.16E−3

32 3.10E−3 1.29E−3

64 7.75E−4 3.23E−4

16.6 Summary

The results suggest that the XFVD method may be the best method overall when

coefficients and grids are rough, and that, when they are smooth, the XFVD method

is competitive with methods using low order polynomial elements, finite differences,

and wavelets.



91

Appendix



92

Appendix A

Sample test code

This appendix contains the Octave code which solves the Poisson equation using the

XFVD method and compares the computed temperatures and fluxes to their exact

values, for Section 3.7’s test problem. (GNU Octave is a “high-level programming

language which provides a convenient command line interface for solving linear and

nonlinear problems numerically, and for performing other numerical experiments”

[Eat].)

The basic solution algorithm relies on M being a “sum” of 2 by 2 upper/lower

diagonal blocks associated with cell indices. It takes only 15 flops per cell, plus

fixed and modest boundary overhead, to solve the discrete Poisson equation for the

nodal temperatures and face fluxes. This flop count excludes the cost of computing

the entries of the matrix M and block row and column sums. (Computing these

sums from the block entries would only add 3 flops per cell. However, the algorithm

used to solve the XFVD discrete Poisson equation only needs one block entry and

three block sums per cell, and computing these four quantities directly is no more

expensive than computing the four block entries.) Solving the unsteady diffusion

equation, using backward Euler for time-stepping, would consequently cost 15 flops

per cell per time step. Solving the “node to node” or “cell to cell” versions of the

discrete Poisson equation would add one flop per cell.
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m = 3

"Number of cells ="

n = 2**m + 2**(m+4);

# 2n+3-2=2n+1 is the number of faces plus nodes (we "double" the

# nodes by adding "ghost" nodes at the faces; there are already

# nodes at the boundary, hence the "-2").

# hL is the cell size on the left part of the grid.

global hL;

hL = .25/(2**m)

# hR is the cell size on the right.

global hR;

hR = .75/(2**(m+4))
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# gmass(xL,xR) is the mass of the source term between xL and xR.

# Assumptions: xL < xR, and xR-xL = hL if xR leq .5.

function mass = gmass (xL,xR)

global hL;

global hR;

if ( xL >= .5 )

mass = exp(xR) - exp(xL) ;

elseif ( xR > .5 )

mass = exp(xR) - exp(.5) + 10 * ( .5 - xL );

elseif ( xL >= .25 )

mass = 10 * hR;

elseif ( xR > .25 ) # Unnecessary in exact arithmetic

mass = 10 * ( xR - xL );

else

mass = 10 * hL;

endif

endfunction
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# Icos computes the integral of cos(x) over the interval [A,B]

# which is assumed to have length H.

function I = Icos (A,B,H)

D = ( A + B ) / 2;

I = 2 * cos(D) * sin(H/2);

endfunction

# Ilincos computes the integral of (a+bx) cos(x) over the interval

# [A,B] which is assumed to have length H.

function I = Ilincos (A,B,H,a,b)

D = ( A + B ) / 2;

I = 2 * sin(H/2) * ( cos(D) * ( a + b * B ) - b * sin(D) ) ...

+ ...

b * H * sin(A);

endfunction
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# The various ‘‘M’’ functions compute contributions of a cell to

# the matrix M, as well as some of their sums.

function M = Mdotdot (xL,xR)

global hL;

global hR;

A = xL;

if ( xL >= .75 )

M = hR;

elseif ( xR > .75 )

B = .75;

H = .75 - xL;

M = Icos(A,B,H) + ( xR - .75 );

elseif ( xL >= .25 )

B = xR;

H = hR;

M = Icos(A,B,H);

elseif ( xR > .25 )

B = xR;

H = xR - xL;

M = Icos(A,B,H)

else

B = xR;

H = hL;

M = Icos(A,B,H);

endif

endfunction
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function M = MLdot (xL,xR)

global hL;

global hR;

xC = ( xL + xR ) / 2;

A = xL;

if ( xL >= .75 )

M = hR / 2 ;

elseif ( xC > .75 )

B = .75;

H = .75 - xL;

M = Icos(A,B,H) + ( xC - .75 );

elseif ( xL >= .25 )

B = xC;

H = hR / 2;

M = Icos(A,B,H);

elseif ( xR > .25 )

B = xC;

H = ( xR - xL ) / 2;

M = Icos(A,B,H);

else

B = xC;

H = hL / 2;

M = Icos(A,B,H);

endif

endfunction
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function M = MdotR (xL,xR)

global hL;

global hR;

xC = ( xL + xR ) / 2;

A = xL;

if ( xL >= .75 )

M = hR / 2;

elseif ( xR > .75 )

a = -xL / hR;

b = 1 / hR;

B = .75;

H = .75 - xL;

M = Ilincos(A,B,H,a,b) ...

+ ...

( xR - .75 ) * ( a + b * ( .75 + xR ) / 2 );

elseif ( xL >= .25 )

a = -xL / hR;

b = 1 / hR;

B = xR;

H = hR;

M = Ilincos(A,B,H,a,b);

elseif ( xR > .25 )

a = -xL / ( xR - xL );

b = 1 / ( xR - xL );

B = xR;

H = xR - xL;

M = Ilincos(A,B,H,a,b);

else

a = -xL / hL;



Appendix A. Sample test code 99

b = 1 / hL;

B = xR;

H = hL;

M = Ilincos(A,B,H,a,b);

endif

endfunction

function M = MLR (xL,xR)

global hL;

global hR;

xC = ( xL + xR ) / 2;

A = xL;

if ( xL >= .75 )

M = hR * ( 1/8 );

elseif ( xC > .75 )

a = -xL / hR;

b = 1 / hR;

B = .75;

H = .75 - xL;

M = Ilincos(A,B,H,a,b) ...

+ ...

( xC - .75 ) * ( a + b * ( .75 + xC ) / 2 );

elseif ( xL >= .25 )

a = -xL / hR;

b = 1 / hR;

B = xC;

H = hR / 2;

M = Ilincos(A,B,H,a,b);

elseif ( xR > .25 )
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a = -xL / ( xR - xL );

b = 1 / ( xR - xL );

B = xC;

H = ( xR - xL ) / 2;

M = Ilincos(A,B,H,a,b);

else

a = -xL / hL;

b = 1 / hL;

B = xC;

H = hL / 2;

M = Ilincos(A,B,H,a,b);

endif

endfunction
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# f is the face flux minus the unknown value of the flux at the

# left boundary.

f = zeros(1,n+1);

# c is the part of the temperature which is proportional to the

# flux at the origin.

c = zeros(1,n+2);

# cf is the analogous part of the temperature computed at the ghost

# nodes located at the faces.

cf = f;

# d is the part of the temperature minus the unknown value of the

# temperature at the origin, and the part proportional to f_0.

d = zeros(1,n+2);

# df is the analogous part of the temperature computed at the ghost

# nodes located at the faces.

df = f;
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# N is the vector of node positions.

N = d;

# F is the vector of face positions.

F = f;

for i = 1:2**m

N(i+1) = ( i - .5 ) * hL;

endfor

for i = 1:2**(m+4)

N(2**m+1+i) = .25 + ( i - .5 ) * hR;

endfor

N(n+2) = 1;

for i = 1:2**m-1

F(i+1) = i * hL;

endfor

F(2**m+1) = .25;

for i = 1:2**(m+4)-1

F(2**m+1+i) = .25 + i * hR;

endfor

F(n+1) = 1;
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# THE FOLLOWING LOOP CONTRIBUTES 11 OF THE 15 FLOPS.

for i = 1:n

xL = F(i);

xR = F(i+1);

mld = MLdot(xL,xR);

mlr = MLR(xL,xR);

mdr = MdotR(xL,xR);

mdd = Mdotdot(xL,xR);

g = gmass(xL,xR);

f(i+1) = f(i) - g;

c(i+1) = cf(i) + mld;

d(i+1) = df(i) + f(i) * mld - g * mlr;

cf(i+1) = cf(i) + mdd;

df(i+1) = df(i) + f(i) * mdd - g * mdr;

endfor

c(n+2) = cf(n+1);

d(n+2) = df(n+1);
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# The prefix ‘‘x’’ stands for ‘‘exact.’’

global xa;

xa = 10 - .5 * exp(.5) * sin(.5) + ( .5 * exp(.5) - 10 ) * cos(.5);

global xb;

xb = .5 * exp(.75) * ( 2 - sin(.75) - cos(.75) );

xdl = 0;

xfl = 5 - exp(.5);

xdr = xa + xb - exp(1);

xfr = - exp(1);

function d = fxd (x)

global xa;

global xb;

if ( x < .5 )

d = ( 5 - exp(.5) ) * sin(x) + 10 * ( 1 - cos(x) - x * sin(x) );

elseif ( x < .75 )

d = xa - .5 * exp(x) * ( sin(x) + cos(x) );

else

d = xa + xb - exp(x);

endif

endfunction
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function f = fxf (x)

if ( x < .5 )

f = 10 * ( .5 - x ) - exp(.5);

else

f = -exp(x);

endif

endfunction

xd = zeros(1,n+2);

for i = 1:n+2

xd(i) = fxd(N(i));

endfor

xf = zeros(1,n+1);

for i = 1:n+1

xf(i) = fxf(F(i));

endfor

function norm = maxnorm (v)

norm = max(abs(v));

endfunction
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"DD:"

# For left Dirichlet, d0 = 0.

d0 = 0;

# For right Dirichlet, f0 = ( xdr - d(n+2) - d0 ) / c(n+2).

f0 = ( xdr - d(n+2) - d0 ) / c(n+2);

# We recycle the ‘‘partial solutions’’ to compute the solutions for

# all boundary conditions. The prefix ‘‘s’’ refers for to the

# solution for a specific combination of boundary conditions.
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# THE FOLLOWING CONTRIBUTES 3 FLOPS.

"Temperature error ="

sd = d + f0 * c + d0;

maxnorm( sd - xd )

# THE FOLLOWING CONTRIBUTES THE LAST OF THE 15 FLOPS.

"Flux error ="

sf = f + f0;

maxnorm( sf - xf)

# We actually know that the flux error is constant (within

# roundoff) for all combinations of boundary conditions.
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"DR:"

d0 = 0;

# For right Robin, we want

# fr + dr = xfr + xdr.

# Consequently:

# f0 (1+cR) = xfr + xdr - fR - dR - d0.

f0 = ( ( xfr - f(n+1) ) + ( xdr - ( d(n+2) + d0 ) ) ) ...

/ ...

( 1 + c(n+2) );

"Temperature error ="

sd = d + f0 * c + d0;

maxnorm( sd - xd )

"Flux error ="

sf = f + f0;

maxnorm( sf - xf )
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"DN, RN and NN:"

# For right Neumann, f0 = xfl.

d0 = 0;

f0 = xfl;

"Temperature error ="

sd = d + f0 * c + d0;

maxnorm( sd - xd )

"Flux error ="

sf = f + f0;

maxnorm( sf - xf)
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"RR:"

# For left Robin, we want

# - 2 fl + dl = - 2 xfl + xdl.

# Consequently:

# f0 (-2+cL) + d0 = - 2 xfl + xdl + 2 fL - dL

# and

# f0 (1+cR) + d0 = xfr + xdr - fR - dR

# so that

# f0 = ( - 2 xfl - xfr + xdl - xdr + fR + 2 fL + dR - dL )

# / ( -3 + cL - cR )

# and

# d0 = - 2 xfl - f0 * ( - 2 + cL ) + xdl + 2 fL - dL

f0 = ( ...

( - 2 * xfl - xfr ) + ( xdl - xdr ) ...

+ ...

( f(n+1) + 2 * f(1) ) + ( d(n+2) - d(1) ) ...

) ...

/ ...

( -3 + c(1) - c(n+2) );

d0 = ( - 2 * xfl - ( f0 * ( - 2 + c(1) ) + 2 * f(1) ) ) ...

+ ...

( xdl - d(1) );

"Temperature error ="

sd = d + f0 * c + d0;

maxnorm( sd - xd )
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"Flux error ="

sf = f + f0;

maxnorm( sf - xf)
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Appendix B

Node placement which makes M

symmetric positive definite

The modified Poisson equation is independent of the locations of the nodes: Moving

the interior nodes around “only” changes where the temperatures of the modified

equation are evaluated. Moving the interior nodes also changes the value of the

matrix M. When M is symmetric positive definite, so that it can be interpreted as

an “inner product matrix,” one can reframe the XFVD discretization of the steady

diffusion equation as a Support Operator Method [Rob96, 276] and, formally, as a

mixed Galerkin method.

Throughout this chapter, we only assume that µ is positive (almost everywhere)

and integrable.

Lemma 19 Define the matrix M by (3.6)–(3.8). Given a positive µ ∈ L1 and a set

of face locations, there exists a unique set of interior nodes, each in the interior of

the corresponding cell, such that M is a symmetric matrix. The position of each such

interior node depends only on the positions of the nearest faces and on the restriction

of µ to the corresponding cell.
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Proof: M being tridiagonal, we want to show that the interior nodes can be chosen

so that

Mi,i+1 :=

∫ x∗

i−1/2

xi−1

(
1 − x − xi

xi−1 − xi

)
µ dx

equals

Mi+1,i :=

∫ xi

x∗

i−1/2

(
1 − x − xi−1

xi − xi−1

)
µ dx.

Mi,i+1 and Mi+1,i are the only off-diagonal entries which depend on x∗
i−1/2. Conse-

quently, the placement of x∗
i−1/2 only needs to make Mi,i+1 and Mi+1,i equal.

Consider Mi,i+1 and Mi+1,i as functions of x∗
i−1/2 with domain [xi−1, xi]. Mi,i+1

vanishes for x∗
i−1/2 = xi−1; Mi+1,i vanishes for x∗

i−1/2 = xi. Because the integrands

are positive over (xi−1, xi), Mi,i+1 is continuous and (strictly) monotone increasing,

and Mi+1,i is continuous and monotone decreasing. Consequently, the graphs of

Mi,i+1 and Mi+1,i cross at a unique point, the abscissa of which is the symmetrizing

node location. 2

Proposition 18 Locating the interior nodes as in Lemma 19 makes the matrix M

symmetric positive definite.

Proof: We use an homotopy argument to establish the positive definiteness of M.

For 0 ≤ λ ≤ 1, let M(λ) be the matrix computed using, in (3.6)–(3.8), λµ + (1 − λ)

in place of µ. For each λ (and interior node locations, symmetrizing or not), consider

a(x∗
i−1/2, λ), the difference of the corresponding off-diagonal entries:

a(x∗
i−1/2, λ) :=

∫ xi

x∗

i−1/2

(
1 − x − xi−1

xi − xi−1

)
(λµ + (1 − λ)) dx

−
∫ x∗

i−1/2

xi−1

(
1 − x − xi

xi−1 − xi

)
(λµ + (1 − λ)) dx.
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Lemma 19 implies that, for each λ, there exists a unique x∗
i−1/2 ∈ [xi−1, xi] such that

a(x∗
i−1/2, λ) = 0. a(x∗

i−1/2, λ) = 0 thus defines implicitly the symmetrizing x∗
i−1/2 as

a function of λ.

We show that the symmetrizing x∗
i−1/2 depends continuously on λ. [xi−1, xi] being

compact, the Little Closed Graph Theorem [Hus77, 200, 202] implies that it is suffi-

cient to show that if λ(k) converges to λ, and the corresponding symmetrizing x
∗(k)
i−1/2’s

converge to x∗
i−1/2, then x∗

i−1/2 is the symmetrizing nodal position corresponding to

λ, that is, a(x∗
i−1/2, λ) = 0. The latter is a consequence of a(x

∗(k)
i−1/2, λ

(k)) vanishing for

every k together with a’s continuous dependence on its arguments. (The Lebesgue

Dominated Convergence Theorem [Rud87, 26] comes in handy.)

Because the symmetrizing x∗
i−1/2 depends continuously on λ, M(λ)—from now on

computed using the symmetrizing interior node locations, so that M(λ) is symmetric

for every λ, and M(1) is the above M—is a continuous function of λ. M(0), which

corresponds to µ = 1, is shown in Example 2. M(0) is symmetric and strictly

diagonally dominant and, consequently, positive definite [GVL96, 120, 141]. Consider

the least upper bound λ0 of the set of λ ∈ [0, 1] such that M(λ) is positive definite

for all lesser values. Like M(λ), f †M(λ)f depends continuously on λ. For f 6= 0,

f †M(λ)f > 0 for all λ < λ0. Consequently, f †M(λ0)f ≥ 0, and M(λ0) is positive

semidefinite. M(λ0) being nonsingular (Corollary 1), it must actually be positive

definite [ND77, 442]. Thus, if λ0 = 1, we are done. We show that λ0 cannot be less

than 1. If λ0 < 1, there must be a sequence of λ(k)’s which tends to λ0 (from above),

such that for each k there exists a unit f (k) such that f (k)†M(λ(k))f (k) ≤ 0. Because

the N -sphere is compact, we can assume without loss of generality that f (k) → f

for some unit f , so that f †M(λ0)f ≤ 0 by continuity. This contradicts the positive

definiteness of M(λ0). 2
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Appendix C

Interpolating fluxes in 3D

The key to extending the XFVD method to 2D grids with quadrilateral cells and

3D grids with hexahedral cells is the construction of a flux interpolant. (Preferably,

the normal flux should be continuous in the “interior” of the faces, for this simplifies

the analysis considerably.) The discrete Hodge star operator is then obtained by

integrating the tangential component, along the edges, of the inverse of the diffusion

tensor times this reconstructed flux field. This can be done one cell at a time (since

we can do the tangential integrals over the “sub-edges”, and then use the additivity

of integration to recover the tangential integrals over the “whole” edges). To ensure

that the reconstructed flux field has globally continuous normal components—or,

more precisely, has discontinuities restricted to the (primal) edges of the cells, where

cell boundaries have “corners”—the reconstruction of the point values of the normal

flux at a cell face should preferably depend only on the discrete flux data associated

with this face; with one discrete flux value per face, the interpolant should have a

normal flux which is constant on every face.
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C.1 Cell specification

To cope with hexahedral cells with fairly general shapes (and curved faces), we

assume the cell to be the image of a cube by a diffeomorphism, that is, we assume

given a continuously differentiable mapping

x : [−1, 1]3 → R
3

ξ = (ξ1, ξ2, ξ3)
† 7→ x = (x1, x2, x3)

†,

with continuously differentiable inverse, and we define the cell to be the image of

[−1, 1]3 by x [KR00]. Such a mapping may be derived from a global transformation

(e.g., cylindrial coordinates) of a parallelepiped overlaid with a tensor grid. x could

also be computed one cell at a time from the locations of the vertices using transfinite

interpolation [KS94]—recursively from the cell vertices to the (primal) edges, faces,

and, finally, the whole cell—which ensures that the reconstructed cell boundaries

agree from “both sides” even though the mapping is completely determined by the

cell vertices.

The tangent vectors are

ti :=
∂x

∂ξi

,

and the corresponding normal “area element” vectors are

n1 := t2 × t3,

n2 := t3 × t1,

n3 := t1 × t2.

The unit tangent vectors are

t̂i :=
ti

|ti|
,
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and the unit normal vectors are

n̂i :=
ni

|ni|
.

n̂1(−1, ξ2, ξ3) is the inward unit normal at the point x(−1, ξ2, ξ3) which belongs to

the “left” (“L”) face,

n̂1(1, ξ2, ξ3) is the outward unit normal at the point x(1, ξ2, ξ3) which belongs to the

“right” (“R”) face,

n̂2(ξ1,−1, ξ3) is the inward unit normal at the point x(ξ2,−1, ξ3) which belongs to

the “close” (“C”) face,

n̂2(ξ1, 1, ξ3) is the inward unit normal at the point x(ξ2, 1, ξ3) which belongs to the

“far” (“F”) face,

n̂2(ξ1, ξ2,−1) is the inward unit normal at the point x(ξ2, ξ2,−1) which belongs to

the “bottom” (“B”) face, and

n̂2(ξ1, 1, ξ3) is the inward unit normal at the point x(ξ2,−1, ξ3) which belongs to the

“top” (“T”) face.

Note that t1 ·n1 equals the Jacobian of the mapping. Likewise for t2 ·n2 and t3 ·n3.

C.2 The interpolant

The interpolant is constructed with the Piola transform [ADK+98] [HSS01].

Consider

f =
3∑

i=1

(ai + biξi)
ti

ti · n̂i

,
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where

a1 =
1

2
(fR + fL) ,

b1 =
1

2
(fR − fL) ,

a2 =
1

2
(fF + fC) ,

b2 =
1

2
(fF − fC) ,

a3 =
1

2
(fT + fB) , and

b3 =
1

2
(fT − fB) .

Because ti · n̂j vanishes for i 6= j, we have that

f(−1, ξ2, ξ3) · n̂1(−1, ξ2, ξ3) = fL,

f(1, ξ2, ξ3) · n̂1(1, ξ2, ξ3) = fR,

f(ξ1,−1, ξ3) · n̂2(ξ1,−1, ξ3) = fC,

f(ξ1, 1, ξ3) · n̂2(ξ1, 1, ξ3) = fF,

f(ξ1, ξ2,−1) · n̂3(ξ1, ξ2,−1) = fB, and

f(ξ1, ξ2, 1) · n̂3(ξ1, ξ2, 1) = fT,

so that we can prescribe arbitrary constant normal flux over every face.

With the proper identifications, applying this construction cell by cell yields a

global flux interpolant with normal flux discontinuities restricted to cell edges (where

the unit normals are not unambiguously defined anyway).

Note that it is possible to construct block pseudospectral flux interpolants, by

mapping a dual pair of tensor zeros-extrema grids on the cube to every cell, and

proceeding more or less as above.
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C.3 The discrete Hodge star operator

Let κ be an invertible matrix interpreted as a diffusion tensor (actually, all we need is

that it be an invertible operator). The construction of a discrete Hodge star operator

proceeds first by integrating the tangential component of the product of κ−1 times

the reconstructed flux, over the sub-edges, then adding the results corresponding to

two matching sub-edges to get the tangential integral over the whole of the (dual)

edge.

The result depends on the location of the (sub)-edges within the cells. In the

following, we assume that the sub-edges are the images of pieces of the coordinate

axes. For example, the “left” sub-edge is determined by x(ξ1, 0, 0) as ξ1 spans [−1, 0],

the “right” sub-edge, by x(ξ1, 0, 0) as ξ1 spans [0, 1], etc. (Alternatively, one could

link by straight lines the projections of the face centroids onto the faces, to the

centroid of the cell.) In order for sub-edges to assemble into (full) dual edges, it

is necessary to assume to the mappings defining neighbouring cells be such that

corresponding sub-edges end at the same face points (transfinite interpolation, or a

global mapping, ensures this).

With this choice, the following integral, which computes the contribution of the

face fluxes to the “left” sub-edge tangential integral, is typical:

eL =

∫ 0

−1

(
κ−1f

)
· dl

=

∫ 0

−1

1

t1 · n̂1

(
κ−1t1

)
· t1 (a1 + b1ξ1) dξ1 +

3∑

i=2

∫ 0

−1

1

ti · n̂i

(
κ−1ti

)
· t1ai dξ1.

Note that if κ maps n̂i to a multiple of ti—for example if κ is proportional to the

identity, and the cell mapping is orthogonal—then the last two integrals vanish.

Because the ai’s and bi’s are constant (independent of ξ1, ξ2 and ξ3), the compu-

tation of the entries of the discrete Hodge star operator matrix M boils down to the
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evaluation of integrals of the following types:

∫ 0

−1

1

ti · n̂i

(
κ−1ti

)
· t1 dξ1, and

∫ 0

−1

1

t1 · n̂1

(
κ−1t1

)
· t1ξ1 dξ1.

In general, these integrals should be computed using 1D quadratures. Nonetheless,

in some cases closed form formulas can be obtained:

Cell mappings defined by recursive transfinite interpolation: If the cell

mappings are constructed from the positions of the vertices by recursive trans-

finite interpolation, t1 only depends on ξ2 and ξ3. Consequently, t1 is constant

over the “left” and “right” sub-edges, which are then straight. Unfortunately,

n̂1 is not in general constant over the “left-right” sub-edges. This introduces,

in the integrands, ratios of square roots of positive quadratic polynomials and

linear functions. Closed form formulas, involving logarithms, can be computed

nonetheless (e.g., with a computer algebra system). Unfortunately, they in-

volve removable singularities when the mapping corresponds to an affine cell,

which complicates their evaluation considerably when the grid cells are “almost

affine.”

Affine cells: If the cells are affine and κ is constant over each cell, then the ni’s

and ti’s are constant, the integrals are trivial, and the 1/8’s and 3/8’s of the

1D M matrix appear. For example, the contribution of fL to eL is

3

2

A1

V

(
κ−1t1

)
· t1 =

3

8

L2
1A1

V
t̂
†
1κ

−1t̂1,

where L1 is the length of the sides of the cell which are parallel to t1, A1 is

the area of the left (and right) faces, and V is the volume of the cell (note

that if the left face is an interior face, fL also contributes to the integral along

the other “half” of the adjoint edge to which the left half-edge belongs); the
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contribution of fR to eL is

1

2

A1

V

(
κ−1t1

)
· t1 =

1

8

L2
1A1

V
t̂
†
1κ

−1t̂1;

and the contribution of fC to eL equals

A2

V

(
κ−1t2

)
· t1 =

1

4

L1L2A2

V
t̂
†
1κ

−1t̂2,

where A2 is the area of the close (and far) faces and L2 is the length of the sides

of the cell which are parallel to t2. The formulas for the other contributions

can be recovered by symmetry.

If we use integrals of normal face fluxes—the natural projection of the domain

of the divergence operator—as primary unknowns, instead of averages or point

values, the Ai’s in the above formulas disappear. Then M is symmetric if κ

is symmetric, and the discretization of the diffusion operator is formally self-

adjoint [Rob96]. (Compare with [Rob97b, 57, 70–71].)

For the construction to yield a suitable discretization of the diffusion operator,

we need the discrete Hodge star operator—the matrix M—to be invertible. We

conjecture that this is the case when κ is positive definite. We also conjecture that

M is symmetric positive definite if the cells are affine and κ is constant and symmetric

positive definite on each cell.
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Appendix D

Interpolating circulations in 3D

In some situations (e.g., Maxwell’s equations), one is faced with vector fields whose

tangential components are smoother than their normal fluxes. The construction of

the discrete Hodge star operator should then go in the opposite direction—from

1-forms to (n − 1)-forms—since it is preferable to interpolate the smoother data.

In this situation, it makes sense to use the edges of the cells of the primary grid

to project the vector field tangentially, and use the faces of the dual grid to project

the fluxes. While earlier we interpolated the fluxes within a (primal) cell, integrated

tangentially over the intersection of the (dual) edges with the (primal) cells (the sub-

edges) and used the additivity of integration to recover the tangential integrals over

the whole (dual) edges from the tangential integrals over the sub-edges, this time,

we interpolate the tangential integrals over (primal) edges, integrate the normal flux

through the intersections of the (dual) faces with the (primal) cells (the sub-faces)

and use the additivity of integration to recover the normal flux integrals over the

whole (dual) faces from the sub-face normal flux integrals.

With this setup, there are twelve edges and sub-faces per cell (instead of six faces

and sub-edges per cell, as was the case in Appendix C).
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D.1 The interpolant

Like before, we assume given a continuously differentiable mapping x : [−1, 1]3 →
R3 with continuously differentiable inverse.

Let

φ1 =
1

4
{(ξ2 − 1) (ξ3 − 1) eCB − (ξ2 − 1) (ξ3 + 1) eCT

− (ξ2 + 1) (ξ3 − 1) eFB + (ξ2 + 1) (ξ3 + 1) eFT}

φ2 =
1

4
{(ξ1 − 1) (ξ3 − 1) eLB − (ξ1 − 1) (ξ3 + 1) eLT

− (ξ1 + 1) (ξ3 − 1) eRB + (ξ1 + 1) (ξ3 + 1) eRT}

φ3 =
1

4
{(ξ1 − 1) (ξ2 − 1) eLC − (ξ1 − 1) (ξ2 + 1) eLF

− (ξ1 + 1) (ξ2 − 1) eRC + (ξ1 + 1) (ξ2 + 1) eRF} .

Now consider

e :=
3∑

i=1

φi
ni

ni · t̂i

.

Because ni · t̂j vanishes for i 6= j, we have that

e(ξ1,−1,−1) · t̂1(ξ1,−1,−1) = eCB,

e(ξ1,−1, 1) · t̂1(ξ1,−1, 1) = eCT,

e(ξ1, 1,−1) · t̂1(ξ1, 1,−1) = eFB,

e(ξ1, 1, 1) · t̂1(ξ1, 1, 1) = eFT, etc.,

so that we can prescribe arbitrary constant tangential component over every edge.

With the proper identifications, applying this construction cell by cell yields a

global vector field interpolant with tangential component discontinuities restricted to

cell edges (where face tangents are not unambiguously defined anyway).



Appendix D. Interpolating circulations in 3D 124

Again, note that it is possible to construct block pseudospectral vector field in-

terpolants by mapping dual pairs of tensor zeros-extrema grids on the cube to every

cell and proceeding as above.

D.2 The discrete Hodge star operator

Let κ be a matrix (invertible or not) interpreted as a diffusion tensor. (It is easy

to extend the following to the case when κ is an operator, possibly non-linear.)

The construction of a discrete Hodge star operator proceeds first by integrating the

normal component of the product of κ times the reconstructed vector field, over the

sub-faces, then adding the results corresponding to matching sub-faces (four of them

in the interior of the domain) to get the normal flux integral over the whole of the

(dual) face.

The result depends on the location of the (sub)-faces within the cells. In the

following, we assume that the sub-faces are the images of pieces of the coordinate

planes. For example, the “right-top” sub-face is determined by x(ξ1, 0, ξ3) as ξ1 and ξ3

span [0, 1], the “right-bottom” sub-face, by x(ξ1, 0, ξ3) as ξ1 spans [0, 1] and ξ3 spans

[−1, 0], etc. In order for sub-faces to assemble into (full) dual faces, it is necessary

to assume to the mappings defining neighbouring cells be such that corresponding

sub-faces match at cell boundaries (recursive transfinite interpolation, or a global

mapping, ensures this).

With this choice, the following formula for the contribution of the tangential

integrals to the “right-top” sub-face normal flux integral, is typical:

fRT =

∫
(κe) · dn =

3∑

i=1

∫ 1

0

∫ 1

0

1

ni · t̂i

(κni) ·n2φi dξ3dξ1.

If κ maps ni to a multiple of ti—for example if κ is proportional to the identity, and

the cell mapping is orthogonal—then two of the three integrals vanish.
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In general, these integrals should be computed using 2D quadratures. If, however,

κ is constant on each cell, and the cells are affine, one gets simple closed form

formulas.

D.3 Discrete Hodge star operator for affine cells

For example, the contribution of eRT to fRT from this cell is

9

4

L2

V
(κn2) ·n2 =

9

64

L2A
2
2

V
n̂
†
2κn̂2,

(note that if the right-top edge is an interior edge, eRT also contributes to the normal

flux integral over the three other pieces of the adjoint face to which the right-top

sub-face belongs; if the right-top edge is on the boundary of the domain, it may

contribute to between one and three sub-faces); the contribution of eRB to fRT is

3

4

L2

V
(κn2) ·n2 =

3

64

L2A
2
2

V
n̂
†
2κn̂2,

the contribution of eRF to fRT is

3

2

L3

V
(κn3) ·n2 =

6

64

L3A2A3

V
n̂
†
2κn̂3,

the contribution of eLB to fRT is

1

4

L2

V
(κn2) ·n2 =

1

64

L2A
2
2

V
n̂
†
2κn̂2,

and the contribution of eFB to fRT is

1

2

L1

V
(κn1) ·n2 =

2

64

L1A1A2

V
n̂
†
2κn̂1.

The formulas for the other matrix contributions can be recovered by symmetry.
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Note that if we use tangential integrals—the natural projections for vector fields—

as primary unknowns instead of averages or point values, the Li’s in the above

formulas disappear (and factors of 2 appear), M is symmetric if κ is symmetric, and

the discretization of the diffusion operator is formally self-adjoint.
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