TRIGONOMETRY

1 Acute Angles

In sccondary school the trigonometric functions are first introduced for acute
angles (that is, angles between 0° and 90°) as follows:

Suppose ¢ is one of the acute angles of the right-angled triangle AABC
as shown m Figure 1.

Figure 1

We put a = BC, b= AC and ¢ = AB. Note that ¢* = a? + b* (Pythago-

ras). Then we define
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sinf) = — cosl = - | tanf = —
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¢ ¢ b
csc = — | sec =- | cotl=-
a b a

Note that these six functions do not depend on the size of the given
triangle, since similar triangles will have the same ratios of corresponding

sides. Note also that there are various conncctions between the six fune-
sin ¢ cos

,eotf)h = — sech =

cos sin 6 cosf

tions. For example we have that tanf =

and cscd = . Finally we can see that 90° — § corresponds to ZABC, so
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that sin(90° — @) = cosd and cos(90° — 0) = sin d.

There are a few special acute angles for which we can determine exactly
the values of cach of the six trig. functions.

Example 1 Let 6 = 45°. Then the triangle to consider s the isoceles right-
angled triangle shown i Figure 2.
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Figure 2

Thus b = a and 2 = a? + b? = a* + a? = 2¢%. So ¢ = V2a. Thus

dse _ & a 1 A5 b« 1
SIL40 = — = = —, 084" = - = — = 7
c V2a V2 ¢ V2
[
fan4s® = & = 1. cot 45° = L 1.
b a
0 1 , o 1
sec 45’ = = /2, cse 45 = —— = V2.
cos 45° sin 45°



Example 2 Let 0 =307, We consider AABC in Figure 3.

Figure 3

Note that ZABC = 60°, which corresponds to one angle of an equilateral
triangle. so let’s look at Figure 4.
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AADBD iscquilateral and BC' = CD. If we take AB = 2 then BC = 1 and

, BC 1 AC V3
so AC' = V3 by Pythagoras. Then sin30° = —- = —, cos30° = =
SO V3 oy Pyvthagoras 1€11 SIn B 5 €os 3 B 5
Thus fan 30° = ——. cot 30° = V3. ¢se 30° = 2. sec 30° = 2

Note also we can compute the values of the trig. functions for ¢ = 60°
from the same diagram! Thus

AC 3 , BC
sin 60° = ik ﬁ\é—_,(:()SGOO == 5:
, : . 1 o 2 o
tan 60° = \/3 cot 60° = —, ¢sc 60° = — see 60° = 2. |

For other acute angles we usually nced to use a calculator for the com-

putation of the values of the various trig. functions, and then we are able to
solve problems like the following.

Example 3 Find the value of y to four decimals in the triangle of Figure 5.
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Solution:
tand0® = %, so y = 16 tan40°
= 16(0.83910)
= 13.4256 |



2 General Angles

If we place our right-angled triangle AO P i the first quadrant of the (x. y)
plane as shown in Figure 6, so that once vertex is at the origin, and another
is on the w-axis, then we have I? at (2,y) so (Q 1s at (2,0). Also PQ) =y
0O = r. Finally we set OP = .
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’ T :
sinf = Y Cocosfl=— . tanf = Yy
r r o
Thus (2.1)
r r r
csc = — | seefl=— , cotf = —
Yy I Y

Note that this way of looking at the trig functions allows us to define
them for any angle at all. Suppose C' is a circle of radius » with centre at O.
[f 6 is an arbitrary positive angle then we imagine wrapping around the circle
in a counterclockwise direction. starting from the point on C' on the positive
r-axis and terminating at the point 2 on the circle C. Figure 7 illustrates a
few scenarios.
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Figure 7

[f £ is a negative angle we just wrap around the circle i the clockwise direc-
tion instead. Figure 8 illustrates a couple of situations of this tvpe.
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Now we can use equation 2.1 to figure out the values of the various trig.
functions at these general angles.

Example 4 Let 6 = 90°. Thus we have P = (0.7), as in Figure 9.
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Soaw=0,y=1r and we obtain sin 90" = = =1, cos90° = — =0, tan90°
7 r
and scc 90° are undefined, cot 90° = 0, csc90° = 1. |

Example 5 Let 0 = 135°. We refer to Figure 10 and also refer back to
Example 1 and Figure 2.
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From the diagram we see that 22 + 2 =72 and 2 = —y. So y =

7
ard
NG (

L. Y ,
. Then s 135° = = = . We can then

T
= —, cos13h° = — = —

NG :

stain the calues of the other four trig functions.

o= —

=l
Sl

casily o

We can then complete the following table of values

6 10° 30° 45° 60° 90° 120° 135° 150° 180°
sing | 0 é é 7‘ 1 7‘ \—‘5 % 0
cosf | 1 ‘? \}7 % 0 -% ——\JE —‘73 —1
g 12100 2257 240° 270° 300° 315° 3307 360°
sinf —% ~% —g -1 ——‘2[—‘ ~—12— T/—% 0
V3 3
cos | =2 —L —L 0 F LR
2 .
Example 6 [ftanf = 3 and 180° < 6 < 270°, find cos .
: : 2 =2
Solution: Referring to Figure 11. since tan = 5= Ty
e
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Figure 11

¥
we can take P as (=3.-2), so 7 = 13, Thus r = V13 and cosf = o=

3
A ]
V13



Note also from 2.1 that:
sinf > 0 in quadrants 1, 1I;
cost > ) in quadrants 1, 1V:
tané > 0 in quadrants I, 111

We can summarise this mformation in Figure 12:
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The following identities arc all derived from the definition 2.1 (sec Ap-
pendix D page A28):
sin?f + cos? 0 = 1
sec?f =1+ tan* 6 (2.2)
csc?f =1+ cot?
We can use these identities to help simplify expressions.
Example 7 Also from the definition we see that
sin(6 + 360°) = sin 0
cos(6 + 360°) = cos b;
tan(f + 180°) = tan#. (2.3)
sin(—0) = —sinf

cos(—6) = cost
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We can use the trig. functions to compute the length of the side of a
general triangle.

Law of Cosines:

I AABC is a triangle with sides a,b, ¢ and /ACB = 6 as in Figure 13,
then 2 = a? + 0% — 2abcos §
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Proof: If we drop the perpendicular from A so that AACD and AAD3
are both right-angled triangles, then

AD = bsinf and BD =a — bcos8.
Thus ¢* = AD?*+ BD? = (bsinf)* + (a — bcos 0)?
b?sin? 6 + a* — 2abcos @ + 1 cos® 0
= b (sin’8 + cos* ) + a® — 2abcosd

= a’ + b — 2ubcos @, as required. |
Example 8 If AABC hasa =3, b=05, LACB =60 = 42°, find .

Solution: From the Law of Cosines we obtain

= a?+ b —2abcosd

32452 2 92.3.5c0842°
= 34 —30(—.7431) = 11.707
Thus ¢ = 3.4216



There are addition formulas:

{ sinfA+ B) = sinAcos B+ cos Asin B (2.4)
cos(A+ B) = cosAcos B —sinAsin B -
By using the facts that sin(—z) = —sinx and cos(—xz) = cosx, we also
have
sin(A —B) = sinAcos B —cos Asin B -
{ cos(A—DB) = cosAcos B+ sinAsin B (2:5)

Example 9 Usc the addition formulas to cvaluate sin(75%) and cos(75°)
without using « calculator.

Solution: Let A = 45° and B = 30°. From 2.4 we obtain
sin75° = sin(45° + 30°)

= sin45° cos 30° + cos 457 sin 30°
NS

— 4+ — - — . using Examples 1, 2

V2 2

S5l

Similarly cos75° = cos(45° + 307)
= ¢os45° cos30° — sin 45 - sin 30°

1 V3 1 1

_ |
2v2
If we put A = B in the addition formulas 2.4 we get
sin 24 = 2sin Acos A and cos24 = cos® A — sin? A (2.6)
We can use cos? A+ sin® A — 1 to then derive
cos2A = 2cos? A -1
= 1-2sin*A (2.7)
_ 1 —cos2A 1+ cos2A
and also sin? A = — 5 cos? A = — (2.8)
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sin f cos 0
+ ; .
cost) 1 +sinf

Example 10 Simplify

Solution:
sin 6 cosf sinf + sin® @ + cos? ¢
cos M Fsing cos 6(1 + s )
B 1 4 siné
cosO(1 4+ sinh)
1
T cosf
= secl

3 Radian measures of angles

In order to use the trigonometric functions in conjuction with the standard
functions (polynomials, rational functions, exponentials, logarithms) we have
to measure angles differently - to allow real numbers as angles.

Recall that the circumference of a circle of radius 1 has length 27, So we make
the real number 27 correspond to 360° using the word radian to indicate the
correspondernce.

27 radians = 360° or

7 radians = 180°
180°

! radian = ~ 57.3°
T
s . .
19 = — radians = 0.017 radians

180

Example 11 1. Find the radian measure of 75°.

g
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2. Express T radians in degrecs.
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Solution:

Since [80° = 7 radians we obtain

L. 75°

75° = 180°
7 I50° (1807
5 )
= D(rr radians)
o .
= — radians
2

om B
2. — radians = =(180°) = 5(45°) = 225°. |
1 4
If 0 is a number then sinf means the sine of the angle whose radian
measure 1s 6. Thus for example sin 27 = 0. Likewise cos27 = 1 and cos 7 =
—1. We can then redo the table of values from page % to obtain

o |0 5 %z E = o o«
i T Y S S B R
sinf |0 3 5 2 1% & ! 0
cos |1 ? % % 0 _% _% _\(75 1

and a similar second table. We can also do the same calculations for the
othoer five trigonometric functions and summarize the information on graphs
in Figure 14 (see next page).

Example 12 Find all values of x in (0, 27] such that sinx = siu 2.

Solution: Using (2.6) we can rewrite the given equation as sinnz = 2 sl cos .
Thus sinz(l — 2cosz = 0.

Now sinz =0 = 2 =07, 27, and
1 o7
COST = - — =

T
2 3" 37
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