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Notes for MATH/COSC 1056 August 5, 2005
Mathematical Induction B.G.Adams

An important proof technique isiathematical induction. A proof by induction begins with
a propositional functiors(n) defined for all integersa > m for some smallest integen. The
goal is to show tha§(n) is true for all integers1 > m.

First we try to show that the stateme®(n) is true for the first casea = m. Then we use
mathematical induction to show th&¢n) is true for alln > m. In numerical examples it is
usually necessary to guess a formula for the first few valfi@sand and then use induction to
verify that the formula is correct for all vaules of

Standard Example (sum of the firstn integers)

Consider the problem of calculating the sum of the firgitegers. Defin&s, =1+2+3+
---+nforn> 1. Then we have the following results for the first few cases.

S =1

S = 1+2=3

3 = 1+2+3=6

S = 142+3+4=10
At this stage we might be clever enough to notice that theegatid the sums amgn+ 1) /2 for
n=1,2,3,4. For example, 4+ 1)/2 = 10. Later we will show how to justify this guess.

We would like to show that this formula is true for all valugao> 1. This means we must
show that the propositional functiédefined by the statements

n(n+1
sn): &= MY
is true for alln > 1. But how do we prove an infinite number of statements? We oahid
using mathematical induction.

The first statemer$(1) is true since = 1(1+1)/2. Suppose we can show for an arbitrary
nthatS(n) — S(n+ 1). Then we can reason as follows

S(1) is trueg

S(2) is true sinceS(1) — S(2) andS(1) is true (modus ponens)
)
)

S(3) is true sinceS(2) — S(3) andS(2) is true (modus ponens)
S(4) is true sinceS(3) — S(4) andS(3) is true (modus ponens)

Thus, sinceS(1) is true, we can prove an infinite number of statements if westanv that for
an arbitraryn > 1

(n+1)(n+2) n(n+1)

2

Sn+1): Si1= follows fromS(n) : S, =
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Here the formula foiS,. 1 is obtained by substituting+ 1 for n in the formula forS,. This
formula is easily proved as follows

S1 = 1424+--4n+1 = (142+---+n)+n+1,

- n(n; - +n+1, since we are assumingtl2+---+n= n(n2+ 1)’
_ nn+h+2n+1) _ (n+1)(n+2)
2 - 2

This shows tha§(n) — S(n+1).
This process is called mathematical induction and is a twp grocess for proving an
infinite number of statements: (1) prove the base case, (Rjephe inductive caseS(n) —

S(n+1)).
Where does the formula forS, come from?

If you have trouble guessing the formula for the sum of thé firategers here is a trick: Write
the sum and beneath it write the sum backwards, then addshkse

S = 1 + 2 + 3 + s+ n
S = n + n-1+ n—-2 + R 1
2S5, = n+1 + n+1 + n+1 + e 4+ n+1

Heren+ 1 occursntimes so &, = n(n+1) andS, =n(n+1)/2.

Principle of Mathematical Induction (Weak form)

Given an integem, suppose tha§(n) is a statement for each integer> m and
suppose that

1. S(m) is true,
(BASIS STEP OR CASE)

2. if §(n) is true for an arbitrary integer > mthenS(n+ 1) is true.
(INDUCTIVE STEP OR CASE)

ThenS(n) is true for everyn > m.

We can express this as the following valid argument with &nite number of hypotheses:

S(m)
vn>m, S(n) — S(n+1)

~.vn>m, §(n)
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Recursive and non-recursive definitions oh!

We will need the following definitions afl. The non-recursive definition is

no— 1,ifn=0
o 1.2---(n=1)-n,ifn>0

For example, 1=1,2!=1.2=2,3!=1-2-3=6. The recursive definition is

nl - 1ifn=0
o n(n—21)!,ifn>0

Inequality example

Many applications of induction involve inequalities. Fotaeple, we can use induction to
prove thamn! > 2" for n> 1.

Statements to prove S(n): n! >2"-1 n>1.
Basis step S(1)is true since 1=1, X =1so01!> 1.

Inductive step Let us assume as the inductive step that for arbitnasyl, S(n) : n! > 21
is true. We need to show that the statenf&mt+ 1) : (n+1)! > 2", obtained by substituting
n+1 fornin S(n), is true. This can be done as follows using the inductive tygsis and the
recursive definition ofl:

(n+1)!

(n+1)n!, recursive definition

(n+1)2"1, since we are assumimg > 2"1
2.2"1 sincen+1>2for n>1

2", using law of exponent&x? = xP

AVARLY,

ThereforeS(n) — S(n+ 1) so §(n) is true for alln > 1. [We have used a basic property of
inequalities here: i > b andc > 0 thenac > bc. In our case@ = (n+1),b=2 andc=2""1]

Geometric series example

The geometric series with initial terenand term ratia is defined bys, = a+ar +ar®+---+
ar". We can derive a formula for the sum as follows

S = a + a + a2+ ... + an
rS1 = ar + ar2 + oo+ ar" + arn+1
(1-1NS, = a—a"?!

where we have subtracted the second equation from the filldiuthe first and last terms in
the sums cancel. Therefore fog 1 we have the sum formula
_al-rhy a1
== 1-r r—-1
We can prove this formula by induction (assuming 1):
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Statements to prove S(n): S, =a(r™!*—-1)/(r—1) for n> 0.
Basis step Forn= 0 we havesy=aanda(r —1)/(r —1) = asoS(0) is true.

Inductive step Assume for arbitrary > 0 thatS(n) is true. Then we can show th&tn+1)
S =a(r"?—-1)/(r —1) s true as follows:

Su1 = atar+ar’+--+a” +art!
= (atar+ar?+---+a") +ar"t!
= St+a"?
= % +ar™!, (using induction hypothesis)
ar™l_g4 grnt2_grntl _ )
= —Ir_ 1 , (after taking common denominator)
r—1

ThereforeS(n) — S(n+1) so§(n) is true for alln > 1. Forr = 1 the sum isS, = (n+1)a
[Prove it using induction].

A divisibility example

Consider the numbers'5-1 forn > 1. Forn= 1,2,3 we get the numbers, 34,124. Con-
tinuing we notice that these numbers are all divisble by 4is Shggests that we try to prove
that 8' — 1 is divisible by 4 for alln > 1. To say that a numben is divisible by 4 means that
m = 4k for some integek so we want to prove that for each> 1 there is an integek such
that 8' — 1 = 4k.

Statements to prove S(n): For eacln > 1, 5" — 1 = 4k for some integek.
Basis step Forn=1we have 5—1 =4 = 4kfor k=1 so0S(1) is true.
Inductive step Assume for arbitrary > 1 thatS(n) is true. Then we can show th&in+1) :

51 _ 1 = 4mis true for some integan as follows:

5M1_1 = 5.5"—1 (from induction hypothesis's- 1 = 4k, or 5" = 4k+ 1)
= 5(4k+1)—1
= 20k+4
4(5k+ 1)
dmwherem=5k+1

ThereforeS(n) — S(n+1) soS(n) is true for alln > 0.
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Principle of Mathematical Induction (Strong form)

There is a stronger form of mathematical induction whichleaishown to be equivalent to the
weak form:

Given an integem, suppose tha§(n) is a statement for each integer> m and
suppose that

1. S(m) is true,
(BASIS STEP OR CASE)

2. if (M), S(m+1),...,Sn—1) are true ther§(n) is true,
(INDUCTIVE STEP OR CASE)

ThenS(n) is true for everyn > m.

We can express this as the following valid argument with &nite number of hypotheses:

Sm)
vn>m, S(m),Sm+1),...,§n—1) — §n)

~.vn>m, §(n)

A postage stamp example

Forn > 4 consider the statemerti(h) : Postage can be made focents using only 2 cent and
5 cent stamps”. Try a few cases

S4) : 4=2+42

S5) : 5=5

S6) : 6=2+2+2
S7) : 7=5+2

S(8) : 8=24+2+2+42
S9) : 9=5+2+2

We can prove the general case using the strong form of irmtucti

basis step Forn =4 we can make postage using two 2 cent stamps and fo6 we can
make postage using one 5 cent stamp.

inductive step Now assume for arbitrarg > 6 that postage fok cents can be made using
only 2 cent and 5 cent stamps forBk < n (so we assumg(6), S(7), ...,S(n—1) are true).

To make postage fan cents we can first make postage for 2 cents (induction assump-
tion) and then add a 2 cent stamp to make postage ¢ents.
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Homework

1. Find formulas for the sums

En = 2+4+6+---4+2n  (sum of even integers)
On = 143+5+---+2n—1 (sum of odd integers)

and prove them using induction.

2. Prove that

ikz = 1242243 4...4n? = nn+1)(n+1)
6
k=1

3. Prove that

c 1 2
Y k(k+1) = 1.24+2:3+3-4++n(n+1) = n(n+ ;(n+ )
K=1
4. Prove that
Zk3 = 13428543 4+...4n8 = {_”<”+ )]
k=1 2
5. Prove that
vy 1 -t 1t o
k;k(k'*‘l) 12 23 n(n+1) n+1

Prove that@4 1 < 2", forn> 3.
Prove that # nx < (1+x)", Vx> —1,Vn > 2.

Prove that 7— 1 is divisible by 6,vn > 1.

© © N ©

Prove thah® — 7n+ 3 is divisible by 3,vn > 2.

10. Prove that% — 1 is divisible by 8vn > 1.



