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Notes for MATH/COSC 1056 August 5, 2005
Mathematical Induction B.G.Adams

An important proof technique ismathematical induction. A proof by induction begins with
a propositional functionS(n) defined for all integersn ≥ m for some smallest integerm. The
goal is to show thatS(n) is true for all integersn ≥ m.

First we try to show that the statementS(n) is true for the first casen = m. Then we use
mathematical induction to show thatS(n) is true for alln ≥ m. In numerical examples it is
usually necessary to guess a formula for the first few values of n and and then use induction to
verify that the formula is correct for all vaules ofn.

Standard Example (sum of the firstn integers)

Consider the problem of calculating the sum of the firstn integers. DefineSn = 1+ 2+ 3+
· · ·+n for n ≥ 1. Then we have the following results for the first few cases.

S1 = 1

S2 = 1+2 = 3

S3 = 1+2+3 = 6

S4 = 1+2+3+4 = 10

At this stage we might be clever enough to notice that the values of the sums aren(n+1)/2 for
n = 1,2,3,4. For example, 4(4+1)/2 = 10. Later we will show how to justify this guess.

We would like to show that this formula is true for all values of n ≥ 1. This means we must
show that the propositional functionS defined by the statements

S(n) : Sn =
n(n+1)

2

is true for alln ≥ 1. But how do we prove an infinite number of statements? We can do this
using mathematical induction.

The first statementS(1) is true since 1= 1(1+1)/2. Suppose we can show for an arbitrary
n thatS(n) → S(n+1). Then we can reason as follows

S(1) is true,

S(2) is true sinceS(1) → S(2) andS(1) is true (modus ponens),

S(3) is true sinceS(2) → S(3) andS(2) is true (modus ponens),

S(4) is true sinceS(3) → S(4) andS(3) is true (modus ponens),

· · ·

Thus, sinceS(1) is true, we can prove an infinite number of statements if we canshow that for
an arbitraryn > 1

S(n+1) : Sn+1 =
(n+1)(n+2)

2
follows from S(n) : Sn =

n(n+1)

2
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Here the formula forSn+1 is obtained by substitutingn + 1 for n in the formula forSn. This
formula is easily proved as follows

Sn+1 = 1+2+ · · ·+n+1 = (1+2+ · · ·+n)+n+1,

=
n(n+1)

2
+n+1, since we are assuming 1+2+ · · ·+n =

n(n+1)

2
,

=
n(n+1)+2(n+1)

2
=

(n+1)(n+2)

2
.

This shows thatS(n) → S(n+1).
This process is called mathematical induction and is a two step process for proving an

infinite number of statements: (1) prove the base case, (2) prove the inductive case (S(n) →
S(n+1)).

Where does the formula forSn come from?

If you have trouble guessing the formula for the sum of the first n integers here is a trick: Write
the sum and beneath it write the sum backwards, then add the results:

Sn = 1 + 2 + 3 + · · · + n
Sn = n + n−1 + n−2 + · · · + 1

2Sn = n+1 + n+1 + n+1 + · · · + n+1

Heren+1 occursn times so 2Sn = n(n+1) andSn = n(n+1)/2.

Principle of Mathematical Induction (Weak form)

Given an integerm, suppose thatS(n) is a statement for each integern ≥ m and
suppose that

1. S(m) is true,
(BASIS STEP OR CASE)

2. if S(n) is true for an arbitrary integern ≥ m thenS(n+1) is true.
(INDUCTIVE STEP OR CASE)

ThenS(n) is true for everyn ≥ m.

We can express this as the following valid argument with an infinite number of hypotheses:

S(m)

∀n ≥ m, S(n) → S(n+1)

... ∀n ≥ m, S(n)
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Recursive and non-recursive definitions ofn!

We will need the following definitions ofn!. The non-recursive definition is

n! =

{

1, if n = 0
1 ·2· · ·(n−1) ·n, if n > 0

For example, 1!= 1, 2!= 1 ·2 = 2, 3!= 1 ·2 ·3= 6. The recursive definition is

n! =

{

1, if n = 0
n(n−1)!, if n > 0

Inequality example

Many applications of induction involve inequalities. For example, we can use induction to
prove thatn! ≥ 2n−1 for n ≥ 1.

Statements to prove S(n) : n! ≥ 2n−1, n ≥ 1.

Basis step S(1) is true since 1!= 1, 20 = 1 so 1!≥ 1.

Inductive step Let us assume as the inductive step that for arbitraryn > 1, S(n) : n! ≥ 2n−1

is true. We need to show that the statementS(n +1) : (n +1)! ≥ 2n, obtained by substituting
n+1 for n in S(n), is true. This can be done as follows using the inductive hypothesis and the
recursive definition ofn!:

(n+1)! = (n+1)n!, recursive definition

≥ (n+1)2n−1, since we are assumingn! ≥ 2n−1

≥ 2 ·2n−1, sincen+1≥ 2 for n ≥ 1

= 2n, using law of exponentsxaxb = xa+b

ThereforeS(n) → S(n + 1) so S(n) is true for alln ≥ 1. [We have used a basic property of
inequalities here: ifa ≥ b andc ≥ 0 thenac ≥ bc. In our casea = (n+1), b = 2 andc = 2n−1.]

Geometric series example

The geometric series with initial terma and term ratior is defined bySn = a+ar +ar2+ · · ·+
arn. We can derive a formula for the sum as follows

Sn = a + ar + ar2 + · · · + arn

rSn = ar + ar2 + · · · + arn + arn+1

(1− r)Sn = a−arn+1

where we have subtracted the second equation from the first. All but the first and last terms in
the sums cancel. Therefore forr 6= 1 we have the sum formula

Sn =
a(1− rn+1)

1− r
=

a(rn+1−1)

r−1
We can prove this formula by induction (assumingr 6= 1):
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Statements to prove S(n) : Sn = a(rn+1−1)/(r−1) for n ≥ 0.

Basis step Forn = 0 we haveS0 = a anda(r−1)/(r−1) = a soS(0) is true.

Inductive step Assume for arbitraryn > 0 thatS(n) is true. Then we can show thatS(n+1) :
Sn+1 = a(rn+2−1)/(r−1) is true as follows:

Sn+1 = a+ar +ar2+ · · ·+arn +arn+1

= (a+ar +ar2+ · · ·+arn)+arn+1

= Sn +arn+1

=
a(rn+1−1)

r−1
+arn+1, (using induction hypothesis)

=
arn+1−a+arn+2−arn+1

r−1
, (after taking common denominator)

=
a(rn+2−1)

r−1

ThereforeS(n) → S(n + 1) so S(n) is true for alln ≥ 1. For r = 1 the sum isSn = (n + 1)a
[Prove it using induction].

A divisibility example

Consider the numbers 5n −1 for n ≥ 1. Forn = 1,2,3 we get the numbers 4,24,124. Con-
tinuing we notice that these numbers are all divisble by 4. This suggests that we try to prove
that 5n −1 is divisible by 4 for alln ≥ 1. To say that a numberm is divisible by 4 means that
m = 4k for some integerk so we want to prove that for eachn ≥ 1 there is an integerk such
that 5n −1 = 4k.

Statements to prove S(n): For eachn ≥ 1, 5n −1 = 4k for some integerk.

Basis step Forn = 1 we have 51−1 = 4 = 4k for k = 1 soS(1) is true.

Inductive step Assume for arbitraryn > 1 thatS(n) is true. Then we can show thatS(n+1) :
5n+1−1 = 4m is true for some integerm as follows:

5n+1−1 = 5 ·5n−1 (from induction hypothesis 5n −1 = 4k, or 5n = 4k +1)

= 5(4k +1)−1

= 20k +4

= 4(5k +1)

= 4m wherem = 5k +1

ThereforeS(n) → S(n+1) soS(n) is true for alln ≥ 0.
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Principle of Mathematical Induction (Strong form)

There is a stronger form of mathematical induction which canbe shown to be equivalent to the
weak form:

Given an integerm, suppose thatS(n) is a statement for each integern ≥ m and
suppose that

1. S(m) is true,
(BASIS STEP OR CASE)

2. if S(m), S(m+1), . . . ,S(n−1) are true thenS(n) is true,
(INDUCTIVE STEP OR CASE)

ThenS(n) is true for everyn ≥ m.

We can express this as the following valid argument with an infinite number of hypotheses:

S(m)

∀n > m, S(m),S(m+1), . . .,S(n−1) → S(n)

... ∀n ≥ m, S(n)

A postage stamp example

Forn ≥ 4 consider the statement “S(n) : Postage can be made forn cents using only 2 cent and
5 cent stamps”. Try a few cases

S(4) : 4 = 2+2

S(5) : 5 = 5

S(6) : 6 = 2+2+2

S(7) : 7 = 5+2

S(8) : 8 = 2+2+2+2

S(9) : 9 = 5+2+2

We can prove the general case using the strong form of induction.

basis step For n = 4 we can make postage using two 2 cent stamps and forn = 5 we can
make postage using one 5 cent stamp.

inductive step Now assume for arbitraryn ≥ 6 that postage fork cents can be made using
only 2 cent and 5 cent stamps for 6≤ k < n (so we assumeS(6), S(7), . . . ,S(n−1) are true).

To make postage forn cents we can first make postage forn−2 cents (induction assump-
tion) and then add a 2 cent stamp to make postage forn cents.
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Homework

1. Find formulas for the sums

En = 2+4+6+ · · ·+2n (sum of even integers)

On = 1+3+5+ · · ·+2n−1 (sum of odd integers)

and prove them using induction.

2. Prove that

n

∑
k=1

k2 = 12+22+32 + · · ·+n2 =
n(n+1)(2n+1)

6

3. Prove that

n

∑
k=1

k(k +1) = 1 ·2+2 ·3+3 ·4+ · · ·+n(n+1) =
n(n+1)(n+2)

3

4. Prove that

n

∑
k=1

k3 = 13+23+33 + · · ·+n3 =

[

n(n+1)

2

]2

5. Prove that

n

∑
k=1

1
k(k +1)

=
1

1 ·2
+

1
2 ·3

+ · · ·+
1

n(n+1)
=

n
n+1

6. Prove that 2n+1≤ 2n, for n ≥ 3.

7. Prove that 1+nx ≤ (1+ x)n,∀x > −1,∀n ≥ 2.

8. Prove that 7n −1 is divisible by 6,∀n ≥ 1.

9. Prove thatn3−7n+3 is divisible by 3,∀n ≥ 2.

10. Prove that 32n −1 is divisible by 8,∀n ≥ 1.


